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 The CERC-formula, which has been used for decades to calculate longshore 
sediment transport rate, has only characteristics of the incoming waves as input. This 
is not realistic, as the sediment transport must be expected to depend both on the 
sediment size and on the coastal profile. Many dimensional analysis results or 
empirical formulae have been proposed, but their results are somewhat different, 
having no solid theoretical basis. 
 
 In this project, it is believed that the effect of grain size may be incorporated 
into CERC-formula by applying concept of incipient sediment motion of hydraulic. In 
term of bed-load, it is now widely accepted for any sediment to be transported from 
one place to another, the incoming wave energy must first overcome the critical shear 
stress of the bed. Therefore, a “critical energy” term is added into the original CERC-
formula, to take care of the effect of sediment size. This critical energy is important, 
when the incoming energy flux is low. 
 
 In addition to readily available data obtained from literature, a laboratory 
experiment was carried out in NUS Hydraulic Laboratory to gain more data. After this, 








Symbols Definition Unit 
   
α angle between beach and incident wave crest (o) 
Θ Shield Parameter (-) 
θ, ω phase angle of wave (o) 
ν kinematic viscosity (m2/s) 
λ wave length (m) 
ρs sediment density (kg/m3) 
ρ water density (kg/m3) 
γs unit weight of sediment (N/m3) 
γ unit weight of water (N/m3) 
d50 median particle size (m) 
g acceleration of gravity (m/s2) 
Hrms root mean-square wave height (m) 
Hs significant wave height (m) 
Hb breaker height (m) 
Ho offshore wave height (m) 
Hd diffracted wave height (m) 
Hi incoming wave height (m) 
Hr refracted wave height (m) 
h water depth (m) 
hb breaker depth (m) 
k  wave number (m-1) 
Kd diffraction coefficient  (-) 
Kr refraction coefficient  (-) 
Ks shoaling coefficient (-) 
T wave period (s) 
Qg gross longshore transport rate (N/s), 
(m3/yr) 
Qn net longshore transport rate (N/s) 
a′ volume solids / total volume (-) 
Pls longshore energy flux at breaking (N/s) 
Pls longshore energy flux at breaking (significant wave height) (N/s) 
Il longshore sediment transport rate (N/s) 
K proportionality constant in original CERC Equation (-) 
K1 1st proportionality constant in revised CERC Equation (-) 
K2 2nd proportionality constant in revised CERC Equation (-) 
Cgb wave’s group velocity at breaking (m/s) 
Pcri critical energy flux (per unit beach width) (N/s) 
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Symbols Definition Unit 
   
gbv volumetric transport rate of bed load per unit width (m2/s) 
τc critical shear stress (N/m2) 
oτ  average shear stress of bed (N/m2) 
Θc critical Shield Parameter (-) 
cu  time average of the critical velocity near the bed (m/s) 
ou
σ  standard deviation of the velocity fluctuation near the bed (m/s) 
CD drag coefficient (-) 
FL lift force on sediment (N) 
FD drag force on sediment (N) 
U* frictional velocity (m/s) 
Re Reynold’s number (-) 
τo boundary shear stress (N/m2) 
τom maximum boundary shear stress over a wave period  
fw wave friction factor (-) 
ub fluid velocity just outside the boundary layer (m/s) 
Ab excursion amplitude of the water particles relative to the bed (m) 
ψm Shield parameter based on max. bed shear stress (-) 
qB volumetric transport rate per unit width (m2/s) 
φ bedload function (dimensionless group) (-) 
J energy slope (-) 
'J  energy slope used to overcome the grain resistance (-) 
''J  energy slope caused by sand waves (-) 
bK  Roughness coefficient used in Meyer-Peter Formula (-) 
B width of breaking zone (m) 
DE time-average rate of energy dissipation due to bed friction, per 
unit bed area 
(N/m/s) 
τ(0,t) bed shear stress (N/m2) 
u∞(t) mean stream velocity just above the bottom boundary layer (m/s) 
ϕ phase shift (between wave surface and bottom boundary 
layer) 
(°), (rad) 




−=  (-) 
DE,critical energy dissipation due to bed friction at incipient state, per 
unit bed area 
(N/m/s) 
Ws submerged weight of sediment (N) 
R2 coefficient of determination (-) 
Sy/x standard error of estimate (no fixed 
unit) 
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1.1 Brief History – The CERC Equation 
The CERC Equation 
is a well-known formula in 
coastal engineering, which 
has been widely used for 
many years to calculate rate 
of longshore sediment 
transport in coastal 
engineering. The idea is that 
the longshore sediment 
transport is mainly driven by the incoming waves rather than by tides and ocean 
current. This concept became generally accepted early in the 20th century. Some 
pioneers in this area include Munch-Petersen, Svendsen (1938) and Longuwt-Higgins 
(1972). The famous CERC Equation was first proposed by Paul D. Komar and 
Douglas L. Inman (1970) in Journal of Geophysical Research, and later on published 
by Coastal Engineering Research Center (US Army Corps of Engineers) in Shore 
Protection Manual (1984). Since then, it has become the most popular formula in 
calculation of longshore sediment transport rate, and therefore known as the CERC 
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Other than the CERC Equation, many other formulae are also available. Some 
of these are purely empirical equations obtained by data fitting; some are just modified 
forms of the CERC Equation, by changing some coefficients 
1.2 Definitions of Transport Rate 
Littoral drift is the sediment (usually sand) moved in the littoral zone under 
action of waves and currents. The rate Q at which littoral drift is moved parallel to the 
shoreline is the longshore transport rate (Shore Protection Manual, 1984). Since this 
movement is parallel to the shoreline, there are two possible directions of motion, right 
to left, relative to and observer standing on the shore looking out to sea. Movement 
from the observer’s right to his left is motion towards the left, indicated by the 
subscript lt; movement toward the observer’s right is indicated by the subscript rt. 
 Gross longshore transport rate, Qg, is the sum of the amounts of littoral drift 
transported to the right and to the left, past a point on the shoreline in a given time 
period. 
 Qg = Qrt + Qlt  
 Similarly, net longshore transport rate, Qn, is defined as the difference between 
the amounts of littoral drift transported to the right and to the left past a point on the 
shoreline in a given time period: 
 Qn = Qrt - Qlt  
 Longshore transport rates are usually given in units of volume per time (cubic 
meters per year). Typical rates for oceanfront beaches range from 100,000 to 250,000 
cubic meters per year. These volume rates typically include about 40% voids and 60% 
solids. 
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 Another representation of longshore transport rate is the immersed weight rate 
Il which is given in units of force per unit time (N/s). The conversion from Q to Il is  
 




 ρs = mass density of sand 
ρ = mass density of water 
g  = acceleration of gravity 
a′ = volume solids / total volume (accounts for the sand porosity)  
This equation is valid for any consistent set of units. a′ is experimentally 
determined to be equal to 0.6. 
1.3 Mathematical Expression 
The CERC Equation is formulated based on the assumption that longshore 
transport rate Il depends on the longshore component of energy flux in the surf zone, 
therefore also known as the energy flux method. The longshore energy flux in the surf 
zone is approximated by assuming conservation of energy flux in shoaling waves, 
using small-amplitude wave theory, and then evaluating the energy flux relation at the 
breaker position. The energy flux per unit length of wave crest, or, equivalently, the 
rate at which wave energy is transmitted across a plane of unit width perpendicular to 





ρ==          (1.2) 
 
 
Longshore Sediment Transport                                                                                                    Chapter 1 
4 
If the wave crests make an angle, α with the shoreline, the energy flux in the 





gP =         (1.3) 
 
 




cossin 2 gl CH
gPP ==       (1.4) 
 
 





2=        (1.5) 
 
 
where Hb, αb and Cgb are the wave height, direction and group velocity at breaking. 
 Eq. (1.5) is just the simplest form. Most ocean wave conditions are 
characterized by a variety of heights with distribution usually described by a Rayleigh 
distribution. For a Rayleigh distribution, the correct height to use in Eqs. (1.5) is the 
root-mean-square height. However, most wave date are available as significant heights, 
and coastal engineers are used to dealing with significant heights, therefore the 





2=        (1.6) 
 
 
 The value of Pls computed using significant wave height is approximately twice 
the value of the exact energy flux for sinusoidal wave heights with Rayleigh 
distribution. Therefore it is to note that Pls is proportional to energy flux, but not equal 
to it. 
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 If the longshore transport rate Il is proportional to the longshore energy flux, 
then the following mathematic form of CERC Equation holds: 
 
lsl KPI =           (1.7) 
 
 
 Il and Pls share the same unit, N/s. Thus, K is a dimensionless coefficient 
experimentally determined to be 0.39 (Shore Protection Manual 1984). However, if 
root-mean-square wave height at breaking, Hrms,b, is used in lieu of Hsb, then K is 0.77 
(Komar and Inman 1970). The coefficient K has its physical meaning. K can be 
regarded as the “efficiency” of sediment transport. K=0.77 means 77% of the 
incoming energy flux is contributing to sediment transport. Typical diagram when 
plotting Il against Pls on log-log scale is shown in Figure 1.1. 
 
Figure 1.1: Log-log plot of Il against Pls, after Komar and Inman (1970) 
1.4 Limitations 
 The CERC-formula discussed earlier, only considers the characteristics of the 
incoming waves as input: 
 










gHKKPI ααρ==       (1.8) 
 
 
It could be seen from the equation above that Hsb, Cgb and αb, are all 
parameters of incoming wave at breaking, having no consideration on sediment 
property and beach topography. This is not realistic, as the sediment transport rate is 
expected to depend also on the sediment size, perhaps related to the beach slope too. 
Various experiments done in the past has confirmed this idea, eg. experiment done by 
Dean et al. in 1982 has shown a very strong correlation between sediment grain size 
(Figure 1.2a) and longshore sediment transport constant, K. J. William Kamphuis 
(1991) also prove by dimensional analysis that transport rate is indeed related to d50 
and beach slope, m (Figure 1.2b). Unfortunately, this type of dimensionless equation 
neither bears any physical meaning nor provides any rigorous theoretical explanation. 
 
Figure 1.2a: Plot of K vs D, after Dean (1978) 
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Figure 1.2b: Dimensionless equation by Kamphuis (1991), reviewing  
 relationship between Q, D50 and m. 
 In order to incorporate the effect of sediment size and beach slope into the 
widely used CERC Equation, very often the empirical constant K is modified by 
researchers and re-expressed into various empirical forms. However, equations 
obtained thereof are purely empirical formulae, having no theoretical basis. Some 
results of previous studies are shown in Table 1.1 
Table 1.1: Various modifications of CERC Equation by previous studies 
Author Formula Database 
Caldwell (1956) 8.020.1 ls PQ =  Field Measurements in 
Florida and California 
Savage (1959) 
ls PQ 219.0=  Model tests and field 
data of Watts and 
Caldwell. Laboratory 
data of Krumbein, 
Saville, Sauvage and 
Vincent 
Ijima, Sato, Aono, Ishii 
(1960) 





6.0131.0 ls PQ =  Field measurements in 
Japan 




ρρ Field data of Watts, 
Caldwell. Laboratory 
data of Krumbein, 
Saville, Shay and 
Johnson, Sauvage and 
Vincent and Sauvage 
Ijima, Sato, Tanaka 
(1964) 
ls PQ 060.0=  Field measurements in 
Japan 
Sato (1966) 
ls PQ 120.0=  Same data as above 
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Komar, Inman (1970) 
ls PQ 778.0=  Field measurement in 
California and field data 
of Watts and Caldwell 






283.0 2 α∞=  
Same data as above 
Das (1972) 
ls PQ 325.0=  Field data of Watts, 
Caldwell, Moore and 
Cole, Komar, Thornton 
and Johnson. Laboratory 
data of Krumbein, 
Saville, Shay and 
Johnson, Sauvage and 
Vincent and Sauvage 
and Fairchild 
CERC (1977) 
ls PQ 401.0=  As above, plus light 
weight sediment data of 
Sauvage and Vincent 
and Price and Tomlinson
 
Other than changing the constant K, some dimensional analyses were carried 
out too. However, the results may differ, depending on the source of the database used. 
Shortly speaking, despite the considerable amount of effort put in on this field 
previously, the exact mathematical relationship between longshore sediment transport 
rate, sediment properties and beach topography are still unclear, indicating that a more 
in-depth theoretical formulation in which these three factors interact must be 
understood, before any empirical analysis could make sense. 
1.5 Motivation for Research 
 In this project, it is believed that the effect of grain size and beach topography 
may be incorporated into CERC-formula by applying a more recent concept of 
incipient sediment motion. Taking a closer look at Figure 1.1, it is noticed that the 
CERC formula consistently over-predicts the rate of longshore transport, when the 
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incoming energy flux level is low. Such phenomenon is also found in diagrams 
produced by other researchers, who are using different database (Figures 1.3, 1.4, 1.5). 
 
Figure 1.3: Plot of Il vs Pls (with classification) by Das M.M. (1972) 
 
 
Figure 1.4: Plot of model test data by Kamphuis and Sayao (1982) 
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Figure 1.5: Il against Pls by Kamphuis (1991) 
 In Figure 1.3, Das (1972) shows that model test data, which always have small 
energy flux, tend to fall below the straight line given by CERC Equation. When 
plotting ONLY with model data, Kamphuis and Sayao show in Figure 1.4 that the 
CERC Equation is no longer valid. Figure 1.5 produced by Kamphuis (1991) also 
confirms this idea. 
 This clearly indicates that, some factors must be missing when the incoming 
energy flux is low. In this project, theory of sediment incipient motion is therefore 
utilized, to fill up this gap. 
 A concept of “critical energy” is introduced here. It denotes the energy 
dissipated for the onset of sediment motion. Although the breaking condition in coastal 
environment is highly turbulent and in fact very complex in nature, for any sediment to 
be transported from one place to another in the form of bed-load, the incoming wave 
energy must first overcome the critical shear stress of the bed. This energy is only 
dependent on grain size and beach slope and is not proportional to incoming energy 
flux. Therefore, this critical energy must be considered separately, and one more 
energy term must be added into the CERC formula. Using this idea, once a critical 
energy term is added, the effect of sediment size and beach topography will be 
incorporated, yielding a more reliable semi-empirical relation. 
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1.6 Objectives 
Following the idea discussed above, the objectives of this project is 
straightforward: 
1. To incorporate the effect of sediment size and beach slope into the CERC 
formula, by adding an additional critical energy term; 
2. To examine the applicability of theory of incipient motion in coastal 
environment; and 
3. To investigate into the more in-depth mechanism in which sediment is 
transported alongshore under low-energy wave condition. 
1.7 Scope of Study 
This study focuses on finding out the correlation between sediment size, beach 
slope and longshore transport rate, and describing their relationship in a mathematical 
form. Other factors which may also be influential such as grain size distribution and 
grain shape, are not considered. On top of that, some assumptions are made. We have 
narrowed the scope of the project to bed-load sediment transport only (which is the 
predominant transport mode under low energy condition), rather than considering the 
total load which consists also of wash-load and suspended load. 
1.8 Brief Description of Methodology 
The proposed mathematical expression for the revised CERC Equation is: 
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where Pcri is the critical energy term (N/s) to be derived in this project and K2 is a new 
empirical constant introduced. To note that, since one more term has been used, K1 is 
not necessarily equal to 0.39, as given by Komar and Inman (1970). 
 To verify this hypothesis, the proposed methodology is as follows: 
1.8.1 Data-collecting 
 First of all, sufficient amount of data must be obtained from literature search. 
Such data may consist of either field data or laboratory data. Since each single point of 
data requires extensive effort in instrumentation and measurement, therefore the best 
way of collecting them is by literature search.   
For laboratory data, we would need to know the Pls, Il 
1.8.2 Theoretical Formwork 
To establish the theoretical background, Pcri, the critical energy, is first derived 
from theory of sediment incipient motion. 
1.8.3 Experimentation 
After we have the expression for Pcri, K1 and K2 is determined empirically. 
Therefore, field data and experimental data have to be collected for this purpose. In 
this project, all field data needed will be obtained from literature search, but 
experimental data will be partly from literature, partly from experiment conducted in 
NUS. 
After K1 and K2 is determined, applicability of the proposed equation will be 
examined by residual analysis. 
1.9 Outline of thesis 
 A flow chart for this thesis is shown in the diagram below: 
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In this chapter, the idea and the concept of critical energy have just been 
covered. In Chapter 2, the necessary background theories on sediment incipient motion 
that form the basis of this research, will be presented. Coming to Chapter 3, the 
theoretical derivation of critical energy term (Pcri) will be presented, with detailed 
explanation on the associated assumptions made. Chapter 2 and 3 are pure theories. 
 In Chapter 4, we will briefly describe the sources of data that we collected via 
literature search. Furthermore, the setup, physical settings and experimental procedure 
of the experiment conducted in NUS is also covered. In Chapter 5, calculation of K1 / 
K2 parameters and all other results of this research will be presented. A general 
discussion will be made by using these results too. Lastly, the whole project will then 
be concluded in Chapter 6. 
 
Concept of Critical Energy
crilsl PKPKI 21 −=
Described in Chapter 1 
Derived in Chapter 3 
Determined in Chapter 5 
based on data 
* All required data collected 





This chapter aims at providing the 
readers with the terms and background 
theories which the author deems necessary 
for this thesis.  
Some sections in this chapter are 
quoted from famous textbooks, such as 
Mechanics of Sediment Transport by Ning 
Chen, and some are from well-known reports, 
such as Sediment Transport in the Coastal Environment by Ole Secher Madsen & 
William D. Grant. The credit of this chapter goes to them. 
2.2 Description of the Phenomenon of Incipient Motion 
 If the intensity of flow exceeds a certain value, sediment particles begin to 
move. The flow condition that corresponds to this critical limit is called incipience. 
 Although the flow condition for which the sediment grains on the bed start to 
move is a well-defined physical concept, many difficulties are encountered in 
determining the actual threshold condition for specific cases. A typical bed surface is 
composed of innumerable sediment grains of various combinations of sizes, shapes, 
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characteristics. Therefore, the forces exerted on sediment grains at different places are 
different at any one time, and they are also different at various times for grains located 
at a given place. Thus, even for uniform sediment, the grains do not start to move or 
come to rest all together. For non-uniform sediment, conditions are much more 
complicated. Even for given flow conditions, one cannot define a specific grain size 
such that larger particles remain at rest and smaller particles are all in motion. Also, 
the spatial distribution of sediment movement at a certain instant is such that grains 
move at some places and remain at rest at others. And at certain location of the bed, 
sediment moves during one time interval and fails to move at another. The incipient 
motion of sediment is clearly a stochastic phenomenon. 
 In fact, in alluvial rivers, a certain amount of sediment moves whenever water 
flows; only the opportunity for movement varies for various grain sizes. Helland-
Hansen et al. carried out a long series of experiments in a flume with gravel having a 
median diameter of 2.5 cm. Although the hydraulic variables used in the experiment 
combine to form a parametric value that is much less than the critical one in the 
Shields diagram, the gravel did not remain absolutely motionless. Sometimes, only 
one or two particles of gravel moved during an hour; still, a definite functional 
relationship between sediment movement and the flow conditions existed. In the 
statistical sense, a certain intensity of sediment movement takes place for any flow 
condition. What is called the critical incipient condition for incipient motion is really 
an intensity of sediment movement, or a probability of specific sediment being in 
motion (or motionless). As for the Shields diagram that is used so comprehensively, 
someone suggested that it may represent the flow condition at which the probability of 
the sediment on a bed moving is equal to that of it remaining at rest. Experiments have 
shown that the critical flow condition to the Shields diagram is equivalent to 
 








in which, gbv is the volumetric transport rate of 
bed load per unit width. From experiments with 
uniform sediment, the relationship between the 
shear ratio (critical shear stress τc, divided by the 
average shear stress on bed oτ ) and the 
probability of sediment remaining motionless is 
shown in Figure 2.1. In it, if oτ  is less than τc, 
some sediment is in motion, but the probability 
of a particle moving is small. With the same 
reasoning, if oτ  is greater than τc, not all sediment particles are in motion, part of them 
remain motionless. 
 Since the incipient motion of sediment is a stochastic phenomenon, some liken 
it to the concept of the most probable flood in river -- a concept that lacks any real 
meaning. In his system, Einstein did not include the concept of incipient motion. He 
proposed another approach: in a statistical sense, and for a specific flow condition, 
which sediment and how much of it can be moved are the things to be determined. 
2.3 Criterion of Incipient Motion of Sediment 
 The criterion of a specific condition for the incipient motion of sediment must 
involve arbitrary concepts and definitions. Kramer recommended that the movement 
of bed load be divided into four stages: 
1. No sediment motion: all sediment on a bed is motionless. 
Figure 2.1: Probability for 
grains to remain motionless 
under action of various surface 
drags (after Gessler, J.) 
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2. Sparse sediment motion: only a few fine grains on a bed move, here and there. 
3. Mean sediment motion: sediment grains smaller than the median diameter 
move everywhere on a bed, and the movement is too intense for one to count 
the number of grains that are moving in a given area. 
4. Strong sediment motion: all sizes of sediment move and the bed configuration 
changes progressively. 
 Obviously, if the criterion for incipient motion were determined according any 
one of the conditions 2, 3, or 4, the results would be quite different. The incipient 
condition for coarse sediment is shown in Figure 2.2; for the simplest condition. the 
critical drag force is a function only of the grain diameter. The curves in Figure 2.2 
cover a broad band because of the various decisions as to a standard for incipience that 
were made by the various investigators. Most of the curves follow an equation of the 
type: 
 
Dscc )( γγτ −Θ=          (2.1) 
 
 
in which, Θc has values within the range 0.017 to 0.076. 
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Figure 2.2: Comparison of formulae: shear stress at incipient  
motion of coarse sediment 
 Dou also studied incipient motion and used the velocity near the bed as the 
hydraulic parameter that determines the incipient motion of sediments. He included 
the fluctuation of the flow, but not the frequency distribution for the incipient velocity. 
According to his analysis, the three probabilities for incipient motion that correspond 
to Kramer's criteria for bed load movement are as follows: 
1. Occasional individual motion 
 00135.0]11.23[1 ==+=>= cuccoc uuuupP oσ  
2. Sparse motion 
 0227.0]74.12[2 ==+=>= cuccoc uuuupP oσ  
3. Strong motion 
 159.0]37.1[3 ==+=>= cuccoc uuuupP oσ  
in which, cu  is the time average of the critical velocity near the bed, 
ou
σ  is the 
standard deviation of the velocity fluctuation near the bed. One can choose any of the 
three probabilities as a general standard for defining incipient movement. 
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 In fact, the incipient motion of sediment depends on the mutual action of two 
variables, each with its characteristic frequency distribution. 
 1. Every grain on a bed will move if a certain critical shear stress acts on it. 
Even for uniform sediment, the critical shear stresses on various particles are different 
because of the different positions of the grains. For example, in Figure 2.3, grains 
numbered 1, 3, 4, 6, 7, 8, 10 and 11 are easy to move, and those numbered 0, 2, 5, 9 
and 12 are hard to move, in these present locations. If effects of size, shape, gradation 
and orientation of the grains are included, the values of τc for grains on a bed at 
various locations are variable in the statistical sense. Its distribution reflects the 
characteristics of the sediment on bed. 
 
Figure 2.3: Grains in different positions on bed 
 2. The turbulence near the bed causes the shear stress that is exerted on bed to 
fluctuate. Thus, the distribution of this stress is also stochastic in a way that reflects the 
random characteristics of the flow. 
 
 
Figure 2.4: Frequency distribution of τo and τc of bed grains 
 and their interrelationship (after Grass, A.J.) 
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 The curves of frequency distributions of τc and τo are shown in Figure 2.4. 
Since oτ < cτ , the shaded area for which the two curves overlap reflects the amount of 
the sediment moved and its intensity. Figure 2.4(a) shows that the drag force with a 
large intensity coincides with the part of sediment that is easy to entrain, but the 
frequency of the condition is quite low; hence, sediment particles that can move are 
scarce. In Figure 2.4(b), the larger shear stress can set more of the grains in motion, 
but the amount of sediment in motion is still limited. In Figure 2.4(c), the intensity of 
the flow is so large in comparison with the grain sizes that the drag is big enough to 
entrain, sediment nearly everywhere, and a large part of the sediment on the bed then 
moves. From such an analysis, one can select a size of shaded area as the criterion for 
identifying incipient motion 
 The treatment of incipient motion on the basis of Figure 2.4 is logical, but how 
to determine the frequency distributions of the drag force at bed and of the critical drag 
force of the sediment in a useful way remains a key question. Also, the fluctuation of 
the forces on the particles or of the velocity at bed may or may not comply with the 
normal error law. With more detailed experimental information, one could unify the 
understanding of this process. The determination of the frequency distribution of the 
critical drag force for a grain on the bed is also difficult. No systematic experimental 
results are available for such a determination. In such circumstances, one must use a 
simplified and average condition for the bed material, an approach that neglects 
important stochastic properties. 
2.4 Incipient Motion of Sediment 
 The hydraulic parameters for this condition can be expressed by using shear 
stress (drag force), average velocity or flow power. Out of which, the shear stress 
 
Longshore Sediment Transport                                                                                                    Chapter 2 
21 
criterion is more widely used, and can be expressed by the well-known Shields 
equation and Shields diagram. 
 For simplification, the sediment are approximated by spherical grains with a 




πγγ −=  






uDCF ρπ=           (2.2) 
 






uDCF ρπ=          (2.3) 
 
 
in which, CD and CL are the drag and uplift coefficients, respectively, and uo effective 
velocity acting on grains at the bed. 
 As the bed is composed of uniform grains, the vertical distribution of velocity 








χ=         (2.4) 
 
 
in which α1 is a constant of about 2, and χ is a function of the grain Reynolds number: 
 
)( *1 υχ
DUf=           (2.5) 
 
 
 The velocity constant uo in Eqs. (2.2) and (2.3) can be taken as the velocity at 
α2D, in which α2 is a constant of about 1. As a result, 
 







α DUfUUuo ==       (2.6) 
 
 
 The condition for a grain on the bed to begin to slide is 
 
)'( LD FWfF −=          (2.7) 
 
 
in which, ƒ is the friction coefficient among grains. With the corresponding forces 




















c       (2.8) 
 
 
 The drag coefficient CD depends on the shape of a grain and the Reynolds 















 A similar result can be obtained for the uplift coefficient CL. Thus, the quantity 








c =−          (2.9) 
 
 
 This is the formula Shields used for the drag force. In his original derivation he 
neglected the effect of uplift. Actually, the basic structure of the formula is not 
changed whether uplift is included or not. Hence, the formula shows that when grains 
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start to move, the ratio of the drag force acting on a grain to its weight is a function of 
the grain Reynolds number. 
 The form of the function in Eqs. (2.9) must be determined by experiment. The 
results of experiments conducted by Shields for sediment with four different specific 
gravities are shown in Figure 2.5. From these data and data from other investigators, 
an average curve was obtained.  
 
Figure 2.5: Shields curve and its modification 
This curve has the following characteristics: 
1. It has a saddle shape. A minimum value of τc/(γs-γ)D occurs for a grain 
Reynolds number of about 10. For that value, the thickness of the laminar sub-
layer is approximately equal to the grain diameter of the sediment that is most 
easily entrained. 
2. If the bed is smooth, a sediment particle is shielded by the laminar sub-layer so 
that a larger drag force is needed to move it. If U*D/ν < 2, that is, if the 
thickness of sub-layer is more than six times the grain size, the proposed 
function is a straight line with a slope of 45° and incipient motion does not 
depend on the grain size. 
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3. If U*D/ν > 10, the stability of the grain is greater because the incipient drag 
force increases as the grain weight increases. If the grain Reynolds number is 
greater than 1000, τc/(γs-γ)D has a constant value of about 0.06. 
 After the work of Shields, a number of other researchers studied the incipient 
motion of sediment; these include White, Mantz, Tison, and Li. Their results are 
included in Figure 2.5. A belt for the incipient drag force can be drawn to represent the 
data. This belt differs from the original Shields curve in two important ways: 
1. Shields concluded that if the grain Reynolds number is less than 2, the curve 
would be a straight line with a 45° slope. However, he had no experimental 
data in that region. He may have relied on an analogy with the relationship 
between the drag coefficient and the Reynolds number, and simply decided that 
τc/(γs-γ)D should be inversely proportional to the grain Reynolds number if the 
latter is sufficiently small. The later experiments, shown in Figure 2.5, indicate 
that this concept does not agree with reality. In this range of Reynolds number, 
τc/(γs-γ)D is proportional to Re*, with an exponent of -0.3. 
2.  If Re* is quite large, Shields proposed that Dsc )/( γγτ −  would have the value 
0.06. The results now available show that this value should be taken as an 
upper limit; the lower limit should be about 0.04. In Figure 2.5, most of the 
results fall within this range. From the experimental data of Paintal, Miller et al. 
recommended that the ratio approaches the value 0.045, not 0.06, if Re* is quite 
large. 
 The experimental work done by Shields and other investigators was carried out 
for turbulent flow. More recently, Yalin and Karahan studied the incipient motion of 
sediment for laminar flow. Their results are also shown in Figure 2.5 and they show 
that incipient motion for laminar flow is different from that for turbulent flow. The 
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drag force required with laminar flow is generally larger than that for turbulent flow. 
For turbulent flow with a smooth boundary, the flow pattern near the boundary is 
similar to that for laminar flow because of the laminar sub-laver. For this condition, 
the data for the two regimes fall together, and they have an asymptote that is given by 








                (2.10) 
 
 
 In the Shields diagram, the parameter )( 2** UU o ρτ =  occurs in both the 
abscissa and the ordinate. Hence, in determining the incipient drag force, one must 
proceed by trial and error. To simplify the process, a set of lines for constant values of 




1.0 , with a slope of 2, has been drawn in Figure 2.5. 
The intersections of these lines with the Shields curve are the corresponding drag 
forces for incipient motion. 
Effect of fluctuations of the flow on the drag force at incipient motion 
 Although the Shields curve included the fundamental factors that determine the 
shear stress for incipient motion, his physical interpretation of it is incomplete because 
it does not include the effects of flow fluctuations. Chepil derived the following 









−=                  (2.11) 
 
 
in which η is a constant reflecting the extent that a sediment grain extends above the 
surrounding grains (with the other grains remained at a given level), φ is the angle of 
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repose for the sediment, and T is the ratio of the maximum drag and uplift forces 
exerted on the bed to their average values; in this way, it reflects the intensity of air 






+= σ3                    (2.12) 
 
 
in which p  is the average pressure acting on bed, and σp is the standard deviation of 
the pressure fluctuation. 
 Experimental data show that T varies from 2.1 to 3.0, with an average of 2.5. If 
the value η=0.5~0.75, φ=24°, T=2.5 are substituted into Eqs. (2.11), the result is 
Dsc ))(06.0~04.0( γγτ −=  
so that it has the form of Shields result for shear stress on coarse sediment. 
Modified Shield Diagram 
 From the definition of the two parameter used in Shield Diagram, it is seen that 
the value U* and τo define each other and they appear on both sides. Hence, it becomes 
somewhat difficult to determine the critical shear stress corresponding to initial 
movement of a given sediment. Thus, an iterative procedure is required. To simplified 
this process, Madsen (1976) proposed a modified Shield Diagram which can avoid 
iteration by introducing a new parameter,  
gdsdS )1(
4*
−= υ  
where the factor 4 is introduced just for convenience. With this parameter, a modified 
Shields Diagram is presented in Figure 2.6. 
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Figure 2.6: The modified Shields Diagram 
2.5 Incipient Sediment Motion under Oscillatory Flow 
2.5.1 Determination of bottom shear stress in oscillatory unsteady flow 
 Shields Criterion for the initiation of sediment movement has been established 
from experimental observations in unidirectional steady flow. For very slowly varying 
flows, such as tidal flows in limited water depths, the flow may within reason be 
regarded as quasi-steady, i.e., at any instant of time the flow is behaving as if it were a 
steady current of the given magnitude. The boundary shear stress may therefore be 
evaluated from Darcy-Weisbach's relationship 
2
8
Ufo ρτ =                   (2.13) 
in which U is the depth averaged velocity and f, the Darcy-Weisbach friction factor, is 
a function of a Reynolds number and the relative roughness of the boundary. 
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Boundary effects are assumed to extend over the full depth of fluid which is the 
appropriate length scale of the problem. The value of the friction factor, f, is obtained 
from a Moody Diagram (see e.g., Daily and Harleman 1966). With the close analogy 
between steady and slowly vary- flows outlined above, it is reasonable to assume that 
the fluid-sediment interaction also may be considered adequately described by the 
results obtained form experiments with steady flows. 
 For short period waves, such as wind waves, having a period of 5 to 20 sec., 
the above quasi-steady approach is no longer justified. Due to the oscillatory nature of 
the flow the boundary effects do not penetrate the full depth of the fluid, but are 
restricted to a region immediately above the bottom, within the wave boundary layer. 
The results of the comprehensive study by Jonsson (1966) may, however, be used to 
overcome the difficulty in determining the magnitude of the shear stress exerted on the 
bottom by an oscillatory flow. 
 Jonsson (1966) expressed the magnitude of the maximum boundary shear 
stress, τom, associated with an oscillatory flow by introducing the concept of the wave 
friction factor, fw, analogous to the Darcy-Weisbach friction factor for steady flows. 





bwom uf ρτ =                   (2.14) 
 
 
in which ub is the maximum fluid velocity relative to the bed just outside the boundary 
layer. 
 For a wave of period T and height H, wave amplitude a=H/2, traveling in water 
of essentially constant depth, h, the fluid motion immediately above the solid bottom 
may, to the first approximation, be described by linear wave theory (Eagle son and 
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ω=                   (2.15) 
 
 
with a maximum displacement of the individual fluid particles from their mean 
position given by 
kh
auA bb sinh
== ω                   (2.16) 
in which the wave number k=2π/L, L being the wave length, is related to the water 
depth and the wave period through the dispersion relationship 
khkg tanh2 =ω  
Thus, through knowledge of the wave climate it is possible to evaluate the magnitude 
of the near-bottom velocity, ub, and hence the maximum bottom shear stress, τom from 
Eqs. (2.13), provided the value of the wave friction factor is known. 
 So long as the flow within the boundary layer remains laminar the problem of 
determining the maximum bottom shear stress associated with an oscillatory flow 
above the bed is analytically tractable. As shown by Schlichting (1960) the appropriate 
expression for a laminar boundary layer becomes 
 
bom uυωρτ =                  (2.17) 
 
 





2=                   (2.18) 
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where RE = Wave Reynolds Number = υ
bb Au , which identifies the appropriate length 
scale for this problem to be the excursion amplitude, Ab, of the water particles relative 
to the bed. 
 In general the boundary layer flow will be turbulent rather than laminar and 
Jonsson (1966) gives the following criteria for the onset of turbulence in the 
oscillatory boundary layer 








 The first criterion is of the usual type, i.e., a restriction on the value of the 
wave Reynolds number. The second criterion expresses the transition from laminar to 
rough turbulent flow in the boundary layer in that it restricts the magnitude of the 
equivalent sand roughness, ds, of the boundary relative to the appropriate length scale 
of the problem, Ab. 
 The end product of Jonsson's study is his Wave Friction Factor Diagram, 
which is reproduced from Jonsson (1965) in Figure 2.7. This diagram is very similar to 
its steady flow analog, the Moody Diagram, for the Darcy-Weisbach friction factor, in 
that the wave friction factor is a function of the wave Reynolds number and the 
relative roughness of the boundary. For large values of the boundary roughness the 
wave friction factor is a function of the relative roughness only, which is a feature 
exhibited also by the Moody Diagram. The lines of constant relative roughness 
connecting the rough turbulent regime and the laminar or smooth turbulent regimes are 
dashed to indicate that they have been sketched into the diagram from knowledge only 
about their limiting values. 
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Figure 2.7: Jasson’s wave friction factor diagram 
 In the general case it may be somewhat difficult to estimate the equivalent sand 
roughness of a bottom exhibiting bed forms such as ripples or dunes; however, for a 
flat bed consisting of granular material the equivalent roughness may be taken as the 
sediment grain diameter, i.e., ds=d. Thus, to evaluate the magnitude of the maximum 
shear stress acting on a flat sand bed due to an oscillatory fluid motion above the bed, 
the procedure is quite simple. From knowledge of the oscillatory fluid motion relative 
to the bed, for example its period, T, and its maximum velocity, ub, the wave Reynolds 
number may be found from equation RE = υ
bb Au . This together with the value of the 
relative roughness, Ab/d, determines the value of the wave friction factor (from Figure 
2.7), and the maximum bed shear stress is found from Eqs. (2.13). 
2.5.2 Application of Shields criterion in oscillatory unsteady flow 
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 The preceding discussion of Jonsson's wave friction factors enables the 
determination of the maximum shear stress exerted on the bottom by an oscillatory 
fluid motion relative to a flat bed consisting of granular material. Thus, it is possible to 
analyze some of the available experimental data on the initiation of sediment 
movement in oscillatory flow and present the data in the form of a Modified Shields 
Diagram as shown in Figure 2.6 with the Shields Parameter being based on the 






)1( −=                   (2.19) 
 
 
 The result of applying this concept leads to a Shield Diagram for oscillatory 
flow, as presented in Figure 2.8, after Madsen (1976). 
 
Figure 2.8: Shields Diagram for oscillatory flow 
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2.6 Bedload Transport 
 In the last part of the 19th century, the French scientist DuBoys advanced a 
theory for bed load motion based on shear stress. Since then, many scientists have 
studied the phenomenon and they have proposed a number of formulas for bed load 
transport. These formulas are based on different modes of motion and employ different 
parameters, including shear stress, flow velocity, and power. Though the formulas 
have a variety of structures and forms, they can be classified into the following groups 
according to the approaches used: 
1.  Empirical formulas--based on huge amounts of experimental data, represented 
by the Meyer-Peter Formula; 
2.  Semi-theoretical formulas--based on physical concepts and through mechanical 
analysis, represented by the Bagnold Formula; 
3.  Probability theory-based formulas--approached through a combination of 
probability theory and mechanics, represented by the Einstein Bed Load Function; 
4.  Dimensional analysis-based formulas--deduced from the concepts of Einstein 
or Bagnold by using dimensional analysis and calibrations with measured data, 
represented by Engelund, Yalin, and Ackers-White Formulas. 
 In the following treatment, the definition of bed load transport, theoretical 
backgrounds and deductions of three representative formulas are discussed in details.  
2.6.1 Definition 
 When bed shear stress slightly exceeds critical shear stress, sediment starts to 
move as bedload. Bedload transport rate is defined as 
qB =  volumetric transport rate (m2/s) 
     = volume (m3) of grains moving per unit time (s) per unit width of bed 
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 Bedload transport can occur over a flat bed at low flows, in conjunction with 
ripples or large bedforms for stronger flow, or over a flat bed for very strong flows 
where ripples are washed out. (sheet flow). Shortly speaking, bedload is the dominant 
mode of transport for low flow rates and/or large grains. 
2.6.2 Einstein bedload function 
 Einstein (1950) bedload function is one of the first theoretical approaches to 
the problem of predicting the rate of bedload transport. One of the most important 
innovations in his analysis was the application of the theory of probability to account 
for the statistical variation of the agitating forces on bed particles caused by turbulence. 
 Einstein assumed that for a steady state transport, the eroded probability from 
the bed is equal to the probability of deposition to the bed, and the normal distribution 
is assumed for both erosion and deposition. Einstein’s method is very complicated and 












which is the Shields parameter. 
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 The above bedload function is compared with the experimental data in the 
following figure in which ψ/1=Θ . 
 
Figure 2.9: Comparison of Einstein Formula with measured data 
2.6.3 Engelund approach 
 Engelund treated sediment particles as spheres of diameter D, so that there are 
approximately 1/D2 spherical particles in a unit area of the bed surface. For a certain 
flow intensity, the proportion of the particles on the bed surface that are moving is p. 
Here, p is indeed the probability of motion suggested by Einstein. Hence, the rate of 






γπ=                   (2.21) 
 
 
in which ub is the mean velocity of the bed load particles. The main concern is the way 
he determined p and ub. 
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in which *Uα  represents the velocity of flow at the level of the bed particle. If the 
particle is at a distance of one to two particle diameter above the bed, α = 6~10. The 





s −  
in which β is a kinetic frictional coefficient. For equilibrium, the tractive force and the 






u α                 (2.22) 
 
 











 Eqs. (2.22) implies that Θo is the value of Θ as a particle stops moving so that 
ub = 0. The value is comparable to the threshold value for the initiation of sediment 
motion Θc, the value used for the Shields curve. In fact, Θc, is the critical value for the 
initiation of motion of a particle in a compactly arranged bed, and Θo is the critical 
value for a particle protruding from the bed surface. Of course, Θo is smaller than Θc. 






u α                  (2.23) 
 
 For a sandy river bed, α = 9.3. Eqs. (2.23) was verified by a comparison with 
many measured results; however, the coefficient α is not always the same because it 
varies somewhat with the shape of the sediment particles. 
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 According to Bagnold, the shear stress of flow is composed of grain shear 
stress τ and fluid shear stress τ'. Furthermore, he suggested that the fluid shear stress τ' 
equals the critical shear stress for initiation of motion of bed particles. Hence, 
 
xcco FnT +=+= τττ                 (2.24) 
 
 
in which n is the number of moving particles per unit area of bed surface, and Fx is the 




3DF sx −=  
and that p = nD2, and he substituted these values into Eqs. (2.24) to obtain 
pc βπ6+Θ=Θ  
or 
 




Figure 2.10: Probability of motion of particles as a function of flow density Θ 
 
Longshore Sediment Transport                                                                                                    Chapter 2 
38 
 Figure 2.10 compares Eqs. (2.25) with the probability of motion of particles, p, 
as a function of Θ, and he obtained the values β = 0.8 and Θc = 0.046; Eqs. (2.25) 
agrees well with the measured data. 








β               (2.26) 
 
 
2.6.4 Meyer-Peter formula 
The original form of Meyer-Peter Equation is very complicated, and the 
derivation is complex. However, in practice, Meyer-Peter and Muller (1948) equation 
is more widely used, i.e. 
 
2/3)(8 cΘ−Θ=φ                   (2.27) 
 
 
 This is a pure empirical equation, and the above simple form was actually 
given by Ning Chien in 1950s. 
2.7 Remarks  
 Other than the three equations presented in Section 2.6, there are many other 
bedload equations in literature. Some of them are Bagnold’s equation, Yalin’s 
equation, Ackers and White’s equation, etc. However, all equations have the following 
functional form: 
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 This is to say, when sediment moves in term of bedload motion, the transport 
rate has to do with critical shear stress. Therefore, if we look at the mechanism from 
an energy perspective, it means the wave’s energy must first overcome the “critical 
energy” of sediment first, before it puts sediments into motion. This idea forms the 
basis of our research. 
 As a matter of fact, the critical shear stress or critical energy term is also valid 
for bed-material load transport. For example, based on unit stream power concept, 
Yang (1996) found 
 
)log(log 1 ωω
SVVSJIC cr−+=                (2.29) 
 
where C1 is the bed-material concentration and VcrS represents the critical unit stream 
power. Yang also pointed out as the sediment concentration is high, say 100ppm, the 






This chapter sets up the 
theoretical foundation of this study, by 
starting from boundary layer theories 
and hypothesizing a critical energy 
concept. 
 In this chapter, the need of the 
critical energy is first proposed, 
followed by its theoretical derivation. 
Finally, the complete form of the revised 
CERC formula is presented. 
3.2 Hypothesis – The Critical Energy Concept 
Based on theories of incipient sediment motion, when bed velocity is low, 
there is effectively no sediment motion. The onset of sediment occurs only when the 
near bed velocity exceeds a certain value, and this value is known as the “incipient 
state”. At the incipient state, there is always a certain amount of energy that is 
dissipated to overcome the bed friction, and therefore, from an energy point of view, it 
seems reasonable to hypothesize the existence of what we call the “critical energy”. 
DERIVATION OF THE 
REVISED CERC EQUATION 
CHAPTER 3 
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In fact, this is not just a pure theoretical hypothesis. Various experimental data 
has shown that, when the incoming energy level is low (i.e. sediment movement is 
small), the proportionality relation between incoming energy and longshore transport 
rate as given in the CERC equation, simply does not hold (Figure 1.3, 1.4, 1.5). In the 
three figures, experimental data clearly shows that, the CERC Equation constantly 
over-predicts longshore transport rate. 
This clearly indicates that, some factors must be missing when the incoming 
energy flux is low. In this project, theory of sediment incipient motion is therefore 
utilized, to fill up this gap. 
A concept of “critical energy” is thus introduced here. It denotes the energy 
dissipated for the onset of sediment motion. Although the breaking condition in coastal 
environment is highly turbulent and in fact very complex in nature, for any sediment to 
be transported from one place to another in the form of bed-load, the incoming wave 
energy must first overcome the critical shear stress of the bed. This energy is only 
dependent on grain size and particle interlocking, therefore not proportional to 
incoming energy flux. Consequently, this critical energy must be considered separately, 
and one more energy term must be added into the CERC formula. Using this idea, 
once a critical energy term is added, the effect of sediment size will be incorporated, 
yielding a more reliable semi-empirical relation. 
3.3 Critical Energy – The Derivation 
Assumptions: 
(a) The bed is flat  
(b) Sediment size is uniform. 
Assumptions behind theories of sediment 
incipient motion 
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Following the above assumptions, theories of sediment incipient motions can 
be directly applied. The equation for calculation of critical energy per unit bed area 
could be derived, starting from the following concept used by Jonsson(1966): 
 
)(),0( ttE uD ∞= τ          (3.1) 
 
 
DE denotes the time-average (over one complete wave period) rate of energy 
dissipation due to bed friction, in per unit seabed area. τ(0,t) is the bed shear stress 
which is a function of time since we are dealing with coastal wave, and u∞(t) is the 
mean stream velocity just above the bottom boundary layer, which is also time-
dependent. Eqs. (3.1) shows that the energy dissipation is nothing but the product of 
the two. But since both τ(0,t) and u∞(t) are time-dependent and keep changing 
periodically, the time-average energy dissipation is given by the average of the 
product of τ(0,t) and u∞(t), in one wave period. 
Under oscillatory flow, this time-averaged rate of energy dissipation could be 
related to other flow parameters by applying bottom boundary layer theory, as follows: 
DE  )(),0( tt u∞= τ  
∫= T bw dttutT 0 )()(1 τ  








bmw uf ϕρ=  
At incipient state, the corresponding DE is then, 
 
 




cbmw uf ϕρ=         (3.2) 
 
 
where ubm,c is the maximum (over one period) bed velocity at incipient state. DE,critical 
is important because it is believed that if the incoming energy flux is lower than this 
energy level, there will be no significant sediment transport. 
 
To calculate the value of DE,critical, the suggested procedure is as follows: 
a. Determine the critical shield number (θc), and critical shear stress (τc): 
At incipient state, the critical shield parameter under waves could be found by 
using Madsen-Grant (1976) diagram for the initiation of sediment motion in 
oscillatory flow. 
 
Figure 3.1: Initiation of sediment motion in oscillatory flow presented in  
      modified shield diagram, after Madsen-Grant (1976) 





dS . Referring to Figure 3.1, θc value corresponding to S*=2.43 
is determined graphically as 0.08.  
θ c 
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)1( − , once θc is found τc could be calculated easily. 
b. Determination of wave friction factor (fw) : 
















+−=+     (3.3) 
 
 
 where Abm = ubm,c/σ is the bottom excursion amplitude and kn=d for granular 
bed. But d50 is used here, for practical purpose. 
c. Calculate ubm,c and ϕ 






cbmwc uf ρτ =          (3.4) 
 
 
As for ϕ, this is the phase lag of bottom boundary layer, and is determined in 












        (3.5) 
 
 
where wmu*  is the frictional velocity given by 
2
*wmc uρτ = ; zo is an integration constant 
given by 
30300
dkz n ==  for hydraulically rough bed composed of granular material. κ  
is the von Karman constant, and can be taken as 0.4. 
d. Calculate DE,critical 
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Once all parameters are determined, the critical energy for incipient sediment 




cbmw uf ϕρ=  
 
 
It is to note that DE,critical is a measure of energy needed to “destroy” the 
interlocking force between bed material. It is mainly dependent on grain property, 
such as d50 and θc, and should be more or less the same everywhere along the beach, 
regardless of whether wave has broken. 
Again, flat bed condition is assumed. Bed unevenness will be treated at the 
later section. 
 
 Dimensionally, DE,critical calculated thereof is in term of critical energy per unit 
bed area. Therefore, the critical energy dissipated over the surf zone per unit beach 
length is equal to Pcri = DE,critical×B, where B denotes the surf zone width. For practical 
purpose, B could be approximated by db/m, where db is the breaker depth and m is the 
average beach slope between breaker line and the shore. 
 With the above formulation, the CERC formula for longshore sediment 
transport calculation is revised as: 
 
               (3.6) 
 
Note that the original CERC formula is lsl PKI 1= , where Pls denotes the incoming 
energy flux in longshore direction, expressed in term of significant wave height. 
crilsl PKPKI 21 −=  
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3.4 Physical Meaning of the Revised CERC Equation 
Eqs. (3.6) is a statistical model proposed after incorporating the concept of critical 
energy into the CERC formula. This equation is based on the following assumptions: 
1. The critical energy is important only when the incoming longshore energy flux 
is low, e.g. Pls ≤ 10 N/s. For the case of high longshore energy flux, inclusion 
of this threshold energy does not make significant difference in engineering 
calculation, and can therefore be neglected. 
2. When incoming longshore energy flux is close to critical energy level, 
sediment movement is predominantly carried out in term of bedload. Therefore, 
near-bed sediment characteristic (d50) and surf zone topography (beach slope, 
m) will come into picture. 
 
                (3.6) 
 
The physical meaning of Eqs. (3.6) is straightforward. The first term is simply 
the incoming wave energy, and the second term is the energy required to overcome the 
interlocking force and make sediment start moving. K1 is a parameter to describe the 
“efficiency” of energy transfer, since not all energy are transferred to the bed and used 
for sediment transport. It was previously determined to be equal to 0.39 or 0.77 (as 
stated in Shore Protection Manual 1984), depending on whether Pls is expressed in 
term of significant wave height (Hs) or root-mean-square wave height (Hrms). 
Physically, it means due to turbulence, only a portion of the incoming wave energy 
will be available for sediment transport. On top of that, the second term tells us that 
this portion of energy has to be at least large enough to overcome the bottom shear 
stress, known as “critical energy”, for the onset of sediment. 
crilsl PKPKI 21 −=  
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K1 and K2 are empirical coefficients which have to be determined through 
data-fitting. K1 was once found to be 0.39 (if Hs is used in lieu of Hrms) after Komar 
and Inman (1970), but the amount of data used by them was actually somewhat limited. 
Subsequent research tends to get a lower value. In this study, we will calculate K1 
again by using previous data, plus experimental data obtained in NUS. 
As for K2, it is an empirical coefficient to take into account the effect of bed 
unevenness. Pcri (= DE,critical × B) is formulated based on flat bed assumption. However 
in actual beach, the bed is seldom flat. In general, for any sediment to move along 
longshore direction it has to cross over several contour lines, just like going uphill and 
downhill. In term of bedload, this unevenness will definitely increase the threshold 
energy, and therefore an additional empirical coefficient is required. Theoretical K2 
has to be greater than 1.0 (K2=1.0 for flat bed), but should not be too great, unless we 
are dealing with highly uneven bed. For example, if K2=1.50, that means 50% more 
energy is required to initiate sediment movement, to overcome the bed unevenness. 
Since both K1 and K2 can only be determined through data-fitting, therefore the 
next thing we do is to collect data and carry out experiment. Data collection and 
experimentation will therefore be covered in the following chapter, i.e., Chapter 4. 
Finally, after sufficient data is obtained, we shall determined K1 and K2 using an 





Figure 4.1: Artificial beach 
under oblique wave 
attack – A snap shot in 3D 
longshore sediment 
transport experiment,  NUS 
4.1 Overview 
This chapter describes the various ways of data collection in this research. First 
of all, majority of the data will be obtained from literatures that are readily available; 
their sources will be described in Section 4.2. In addition to this, an experiment is also 
conducted in NUS to further enrich the amount of data. Since the formula 
crilsl PKPKI 21 −=  is by itself semi-empirical and could only be supported by 
substantial amount of data, the purpose of the experiments is mainly to “supplement” 
the database and to act as a neutral check against others’ data. The 3D-experiment 
conducted was to simulate a theoretically “long” beach so that we can alter the wave 
energy level (by altering the wave height). By doing this, we obtain more data points 
on the Pl vs Il plot each with known Pcri value. With these, K1 and K2 coefficients 
could be calculated accordingly. 
This chapter would describe the details about the experimental set-up, 
generation of waves, instrumentation, experimental procedure and physical setting that 




was adopted in this experiment. At the end of this chapter a brief explanation on the 
calculation of important parameters will also be given. 
4.2 Data from Literature Search 
A large volume of data is available from published literature. These include 
journal papers, proceedings of conference, technical memorandum, report or even 
master or PhD thesis from other universities. But unfortunately, not all of them are 
easily obtainable in Singapore. Some are simply too old to get, and the worst thing is, 
most of the literatures do not include raw data, which are vital in our calculation of 
critical energy. 
In spite of the difficulties, we still manage to obtain more than 100 valuable 
data. Their major sources are summarized as follows: 
 Ping Wang, Nicholas C. Kraus and Richard A. Davis (1998), Jr., Total 
Longshore Sediment Transport Rate in the Surf Zone: Field Measurements and 
Empirical Predictions, Journal of Coastal Research, 14(1), 269-282 
 Paul D. Komar and Douglas L. Inman (1970), Longshore sand transport on 
beaches, Journal of Geophysical Research, 75(30), pp5914-5927 
 Kamphuis et al (1986), Calculation of Littoral Sand Transport Rate, Coastal 
Engineering, 10 (1986) 1-21 
 J.W. Kamphuis and O.F.S.J. Sayao (1982), Model Tests on Littoral Sand 
Transport, Proceedings of the 18th Coastal Engineering Conference, vol 2, 
pp1305-1325. 
 Some other sources: Gable (1981), Kana (1980), Kraus et al. (1982),Watts 
(1953), Bruno et al. (1981), Kana (1977) 
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4.3 Experimental Set-up 
The major experimental part of this study consisted of a physical 3-
dimensional model of waves and beach, in 22.5m long 10m wide and 0.9m high wave 
basin in the Hydraulic Laboratory of the National University of Singapore (Figure 4.2 
& Figure 4.3). 
 
 
Figure 4.2: The established experimental set-up 

 
Longshore Sediment Transport                                                                                                    Chapter 4 
 52
The basin is equipped with a programmable wave generation system which 
consisted of modules of wave paddles which can be independently operated (Figure 
4.3). The waves were generated along the length of the basin and the width of wave 
propagation was 4.19m which means that only 8 wave paddles were in operation 
during the experiment. The height of plywood wall was 0.6m high, and coated with 
resin to minimize resistance to the wave and to make them water proof. Guide plates 
were also provided to allow the waves to propagate smoothly lengthwise. An artificial 
beach of d50 (median sediment diameter) of 0.2mm and slope of 1:3 was provided at 
the other side of the basin. Measurement works were facilitated with a carriage 
spanning over the width of the basin. It is possible to move the carriage either 
lengthwise or widthwise either manually or by computerized remote control. The 
carriage is mainly used in mounting instruments to get measurements at different 
locations of the basin and then in getting spatially varying measurements.  
Two point gages were mounted on the plywood wall to monitor possible 
changes in water level which could be due to leakage or seepage. The x-y coordinate 
system adopted in this study is such that, x represents the direction of wave 
propagation, and y being the direction normal to it. 
4.4 Wave Generation 
Waves were generated using the HR Wallingforrd programmable wave 
generation system mounted in the 3-D wave basin. This system basically comprises 
four main components: wave machine (Figure 4.4), transformer, control unit (Figure 
4.5) and signal generating computer Figure 4.6). The wave machine consists of two 
identical segments each containing eight paddles, which can be set to move 
independently to one another and each paddle is driven by an electric motor operating 
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through a gearbox and a rack and pinion. Supply of correct voltage to the wave is 
regulated by the transformer. The control unit interconnects the signal generating 
computer, the wave machine and the transformer. The signal generating computer is 
used to run the signal generating program (HR Wave Maker), which is capable of 
controlling single or multi-element wave making machines to simulate a range of sea 
state used in the physical modeling of both offshore and coastal seas. This program 
generates regular (sinusoidal) waves and two standard types of random waves 
(JONSWAP and Pierson-Moskowitz). Further, it incorporates the facility of generating 
user defined spectral shapes. 
 
 
Figure 4.4: Wave paddles 
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Figure 4.5: Transformer and control unit 
 
Figure 4.6: Signal generating computer 
4.5 Instrumentation 
4.5.1 Acoustic Doppler Velocimeter (ADV) 
Two NORTEK AS Acoustic Velocimeters (ADV) were used in the present 
study to acquire three components of the velocity at different sections along the beach, 
in order to verify the values for bed shear stress that is used in calculation (Figure 4.7).  
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Figure 4.7: The Acoustic Doppler Velocimeter (ADV) 
 The ADV is a sensor system based on Acoustic Doppler Principle and is 
suitable for high resolution measurements of 3-D velocities at specified frequencies. It 
is suitable for boundary layer studies as well for some turbulence measurement 
applications namely in hydraulics. It is provided with a PC-based interface, which 
allows the instrument set-up, file naming and visual real time monitoring of the three 
velocity components of the flow from a simple menu. Further, it can provide 
continuous digital records at user-specified sampling rates thus simplifying certain 
technical procedure. 
 
Longshore Sediment Transport                                                                                                    Chapter 4 
 56
 The instrument consists of three modules: the measuring probe, the 
conditioning module and processing module. The measurement probe is attached to 
the waterproof conditioning module which contains low-noise electrons. The acoustic 
sensor consists of on transmitting transducer and three receiving transducers. The 
receiving transducers are mounted on short arms around the transmitting transducer at 
120° azimuth intervals. The acoustic beams are oriented so that the receiving beams 
intercept the transmitting beam at a point located at 50 mm or 100 mm below the 
sensor. The interception of these four beams, together with the width of the transmit 
pulse, define the sampling volume. This volume is 3~9 mm long and approximately 6 
mm in diameter. The processing module performs the digital signal processing 
required to measure Doppler shifts. This computationally intensive task can be 
implemented by an IBM compatible computer (Figure 4.8). 
 
Figure 4.8: Data processing computer for ADV 
 The IBM compatible computer connected to the ADV gathers data from the 
ADV and visual real time series measurements of the velocity components of the flow 
are produced as input. These time series were then fed to WINADV, a software 
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specially developed for analyzing data obtained by ADV. This software is provided 
with many options such as filtering, sampling, traversing and scaling, which are useful 
in processing the ADV data. The most useful option in this study was filtering and it is 
capable of filtering data for the quality of them with respect to the parameters such as 
Signal to Noise Ratio (SNR) and correlation (COR). The quality of the ADV data 
always improves with the concentration of scattered particles in the flow and SNR is 
an indicator of the concentration of scatters. Therefore, the quality of the output 
improves with the increase in SNR value. Correlation (COR) always expresses the 
reliability of the results. Throughout the present study the minimum SNR value and 
the COR are set to be 5 and 70% respectively. 
4.5.2 KENEK CHT4-30 Capacitance Type Wave Height Meters 
 The variation of the surface profile during the experiments was measured using 
three KENEK CH4-30 wave Height meters (30cm long with linear accuracy of  ± 0.5 
% in full scale). Each wave height meter consists of a sensor unit that houses the 
capacitance sensor wire (1.5 mm in diameter and spaced 12.5 mm apart) and a 
capacitance-voltage converter, and an amplifier unit that amplifies the voltage signals. 
The diameters of sensing wires and frame were small enough to ensure minimal 
vibration of the flow field (figure 4.9). 
 One probe was mounted on tripod close to the wave generator, to serve as a 
check on the magnitude of wave that is generated. Another wave probe was placed 
near the beach, and mounted on tripod too. The third one was mounted on carriage. 
Before running the experiments, the capacitance wires were cleaned and the wave 
height meters were calibrated for consistency. 
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Figure 4.9: Wave probe in operation 
4.5.3 PV-07 Electronic Bed Profile Indicator 
 The bottom topography of the sandy bed under different experiment conditions 
was recorded with the use of a PV-07 Electronic Bed Profile Indicator (Figure 4.10). 
In this study, we need to know the beach initial profile and final profile of each 
experimental run in order to have a more accurate estimates on  longshore sediment 
transport rate. The profiler was mounted on a specially prepared bracket, which was 
fixed to the carriage. The carriage was adjusted for required movements when 
measuring bed profiles. With this instrument, it is possible to measure both bed 
profiles and still water levels. The still water level can be used as the reference level 
for bed topography. 
 The bed profiler consists of a probe, i.e. a needle with a sensor to be placed 
vertically in the water. A servo-mechanism is provided to maintain the tip of the probe 
at a constant distance (adjustable to 0.5 ~ 2.25 mm) above the bed. Therefore, when 
the instrument is displaced in a horizontal direction, the probe (needle) continuously 
follows the configuration of the bed. The principle of operation in this instrument is 
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the appreciable difference between the electric conductivity of water and the bed 
material. 
 The instrument needs to be calibrated in such a way that the potentiometer 
attached to the system indicates the vertical position of the probe. 
4.6 Experiment Procedure/ Determination of Parameters 
 The experiment was conducted mainly to measure the longshore sediment 
transport rate. The procedure is presented in two parts, i.e. physical setting and 
determination of important parameters. 
4.5.1 Physical settings 
Wave incident angle: 30° 




Initial Wave Height, 
Hrms (meter) 
(designated) 
Initial Wave Height 
(measured) * 
1 2.0 0.005 0.004 
2 1.5 0.010 0.008 
3 2.0 0.025 0.017 
4 2.0 0.050 0.036 
5 1.5 0.060 0.055 
6 2.0 0.070 0.067 
7 4.0 0.080 0.074 
8 2.0 0.090 0.081 
9 1.5 0.100 0.089 
10 1.0 0.110 0.100 
11 1.5 0.125 0.111 
12 2.0 0.150 0.130 
 * Calculated based on measured value of initial wave height 
 The wave height is changed for every experimental run in order to vary the 
incoming wave energy level. Very often, there is a difference between the designated 
wave heights and the measured wave heights, possibly attributable to energy losses 
during wave propagation and disturbance due to wave reflection from the beach. In 
this study, the measured value is considered to be more reliable, and therefore used in 
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the calculation. The measured wave height given by the wave probe at upstream side 
of the basin was adopted in calculation, because it corresponds to the “offshore wave 
height” of the prototype coast, as stipulated in the Shore Protection Manual (1984). As 
for the wave period, the designated values are normally very close to the measured 
values (wave period will neither be affected by energy loss nor wave reflection), 
therefore the designated values are directly used in calculation. 
4.5.2 Calculation of Il 
 The model beach was created to simulate a prototype straight beach of infinite 
length. After every experimental run, the transported sand was deposited at the 
downcoast side of the beach, mixed with water. The wet sand is then weighed using an 
accurate weighing machine, and converted to its dry weight. 
 The conversion factor was empirically determined in advanced. 5 samples of 
wet sand were collected and dried in oven at around 300°, and results showed that they 
contained about 22~29% of water. An average value of 25% is adopted in this study, 
and therefore the wet weight can be converted to dry weight using the following 
equation: 
 Dry weight of sand = 0.75  × wet weight of sand 
 This 0.75 ratio can actually be verified theoretically. Huge amount of 
experimental data has shown that for natural sand, the pore ratio (in term of volume) is 
approximately 0.6 (Komar & Inmam 1970). Therefore, for every 1 unit volume of wet 
sand, it should contain 0.14.065.26.0 ×+×  = 1.99 unit of weight, where 2.65 is the 




× , i.e., 80% of the wet weight. However, in actual 
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practice there is always excessive amount of water being collected. As such, 0.75 is 
considered a more practical value to use. 
 Neglecting the weight of air in void, the dry weight was then converted to 
submerged weight of sand easily. The submerged weight is defined as  
 
Ws = dry weight × s
s )1( −
        (4.1) 
 
 
where s is the relative density of sand, practically taken as 2.65. 




I sl ×=          (4.2) 
 
 
where “Width” is the width of the beach (3.1m) and “Time” is the duration of the 
experiment run. 
4.5.3 Calculation of Longshore Energy Flux, Pls 
 By definition, the longshore energy flux, Pls, is given by first order wave theory: 
 
bbbbsls nCgHP ααρ cossin)(8
1 2=        (4.3) 
 
 
where the subscript b denotes condition at breaking. From Eqs. (4.4), it is obvious that 
to calculate the longshore energy flux, the breaking conditions (Hbs, nb, Cb and αb) 
must be obtained first. 
 The breaking process is by nature a complex phenomenon. Its associated 
parameters are in general difficult to be measured directly, because every breaking will 
cause changes in beach topography, and the changes in topography will in turn, affect 
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the breaker position, breaking angle, as well as breaking depth. This is a complex 
interacting process. 
 However, we could directly measure the unbroken waves. The unbroken waves 
created by wave generator with known period (T) is propagating in a 0.4m (h1=0.4m) 
high basin, and its wave height (H1) is measurable using wave probe. Therefore, the 
wave length (L1) can be directly calculated by linear wave theory, and verified using 
snap shot photos taken by a digital camera. The group velocity can also be calculated. 
These are the initial conditions, which are then used to estimate the breaking 
conditions. 
 When the waves interact with the beach, shoaling and refraction occur 
concurrently. By field observation, waves break mainly in shallow water. Therefore, 
the breaking conditions could be calculated, by solving the following simultaneous 
governing equations: 
 










































1. Solving for initial conditions: 
Say T=1.5s; h1=0.4m; H1=0.1m; α1=25° 



















2. Solving for breaking wave height 
To seek a solution according to Eqs. (4.5), a trial and error process is required. We 
need to assume a breaking depth (hb) first. The procedure is tabulated as follows: 
Table 4.2: Sample calculation of breaking wave height and breaking wave angle 
hb Lb nb Ks αb Kr Hb Hb/hb 
0.100 1.45146 0.94260 1.22701 0.23670 0.96556 0.11847 1.18475
0.110 1.51789 0.93704 1.20341 0.24776 0.96688 0.11636 1.05777
0.120 1.58069 0.93150 1.18276 0.25824 0.96819 0.11451 0.95426
0.130 1.64028 0.92600 1.16452 0.26821 0.96949 0.11290 0.86846
0.140 1.69699 0.92052 1.14830 0.27773 0.97078 0.11148 0.79625
0.141 1.70252 0.91997 1.14678 0.27865 0.97091 0.11134 0.78966
0.142 1.70801 0.91943 1.14527 0.27958 0.97104 0.11121 0.78317
0.143 1.71349 0.91888 1.14378 0.28050 0.97117 0.11108 0.77678
0.144 1.71893 0.91834 1.14230 0.28141 0.97130 0.11095 0.77050
(4.4) 
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From the table above, we see that hb=0.142m gives a Hb/hb ratio of about 0.78, 
which satisfy the breaking criteria. Therefore, the breaking wave height is obtained 
as Hb=0.111m, breaking angle αb=0.27896 (rad) = 15.98°. 
 
Using the above method, the calculated breaking angles and breaker depths for 
all physical settings in the experiment are tabulated as follows: 



















1 2.0 0.005 0.004 0.011 0.008 5.0° 
2 1.5 0.010 0.008 0.018 0.014 6.9° 
3 2.0 0.025 0.017 0.034 0.027 9.0° 
4 2.0 0.050 0.036 0.063 0.049 12.2° 
5 1.5 0.060 0.055 0.085 0.066 14.9° 
6 2.0 0.070 0.067 0.105 0.082 15.7° 
7 4.0 0.080 0.074 0.119 0.093 16.0° 
8 2.0 0.090 0.081 0.123 0.096 17.0° 
9 1.5 0.100 0.089 0.127 0.099 18.1° 
10 1.0 0.110 0.100 0.125 0.098 20.4° 
11 1.5 0.125 0.111 0.154 0.120 19.8° 
12 2.0 0.150 0.130 0.183 0.143 20.7° 
* Calculated based on measured value of initial waves height 
 With the breaking parameters listed in Table 4.3, longshore energy flux (Pls) 
can be calculated according to Eqs. (4.2) easily. Also to note that, Hrms,b in Table 4.3 is 
in term of root-mean-square value, and therefore must be converted to significant 




5.1 Results: Determination of K1 
By utilizing the concept of “critical energy” which has been defined in Chapter 
3, the revised form for the CERC formula is: 
BDKPKI criticalElsl ,21 −=  
Further defining BDP criticalEcri ,= , which denotes the critical energy per unit beach 
width, the equation then becomes: 
 
crilsl PKPKI 21 −=          (5.1) 
 
 
We shall now work with Eqs. (5.1), and determine the two empirical parameters K1 
and K2. It is important to note that Pcri is in general very small, with order of 
magnitude of 0.1, whereas Pls could be large or small, depending on the incoming 
waves characteristics. 
As briefly described in Chapter 3, K1 and K2 are experimental parameters 
which could only be determined from database. K1 is a parameter to describe the 
“efficiency” of energy transfer. In practice, not all energy are transferred to the bed 
and used for sediment transport, therefore we should expect K1 to lie from 0 to 1. It 
was previously determined to be equal to 0.39 (Shore Protection Manual 1984, Komar 
and Inman 1970) if Pls is expressed in term of significant wave height (Hs). However, 
RESULTS & DISCUSSIONS 
CHAPTER 5 
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after more and more data were obtained by researchers, different K1 values were 
proposed (Table 1.1). 
In this study, we shall determine K1 in a slightly different way: 
1. Only field data are used. This is because the waves generated in laboratory are 
generally very small, leading to small Pls values ( Pls < 10 N/s). In such case, 
the critical energy term has nearly the same order of magnitude as Pls, and the 
presence of this critical energy term will bring in “noise” in linear regression. 
Therefore, if only field data are used (all with Pls ≥ 10 N/s), Pls would be large 
enough such that the critical energy term becomes negligible. In such case, Eqs. 
(5.1) reduces to the following form, greatly simplifying the regression works 
and increase reliability: 
 
lsl PKI 1=          (5.2) 
 
 
2. Linear regression is done by minimizing error terms in log-log scale, rather 
than in normal scale. 
Sources of data that are used in this part mainly include: 
 Ping Wang, Nicholas C. Kraus and Richard A. Davis (1998), Jr., Total 
Longshore Sediment Transport Rate in the Surf Zone: Field Measurements and 
Empirical Predictions, Journal of Coastal Research, 14(1), 269-282 
 Paul D. Komar and Douglas L. Inman (1970), Longshore sand transport on 
beaches, Journal of Geophysical Research, 75(30), pp5914-5927 
 Kamphuis et al (1986), Calculation of Littoral Sand Transport Rate, Coastal 
Engineering, 10 (1986) 1-21 
 Some other sources: Gable (1981), Kana (1980), Kraus et al. (1982),Watts 
(1953), Bruno et al. (1981), Kana (1977) 
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These data have a large variation of Pls values. Their Pls value range from 19 
N/s to 6781 N/s, and most importantly, they are all subjected to errors inevitably. 
Therefore, if K1 is determined by data fitting in normal scale, statistical results will be 
greatly biased as the sum-of-square method will mainly try to minimize the error term 
of large-value-data. This is to say that, those data with large value will have greater 
weightage, as compared to small-value data. To overcome this bias, a better data 
fitting method is to perform regression in log-log scale. 
The procedure is as follows. If there exists such a relation  
lsl PKI 1=  
then 
lsl PKI logloglog 1 +=  
And since K1 is between 0 and 1, the value of log K1 must be negative. 
Rearranging the terms, we have 
 
lsl PIK logloglog 1 −=         (5.3) 
 
 
With this equation, we could then compute the logK1 values for every data. 
Since logK1 values are all negative, sum-of-square method is not necessary, the 
average of all logK1 values will give the statistical inference of logK1. Procedure is 
illustrated in Table 5.1. 
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Table 5.1: Procedure for determining K1 
Pls Il log Pls log Il log K1 
1085.27 34.72 3.036 1.541 -1.495 
507.75 13.26 2.706 1.123 -1.583 
113.18 1.89 2.054 0.276 -1.778 
• • • • • 
• • • • • 
• • • • • 
• • • • • 
    -0.868 
 
It was obtained in this study that 868.0log 1 −=K . Thus, 
14.010 868.01 ≈= −K  
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Figure 5.1: Data fitting with K1=0.14 
0.14 Pls
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5.2 Results: Determination of K2 
After K1 parameter has been determined to be equal to 0.14, the only unknown 
remaining now is K2. Since K1=0.14, K2 can then be calculated by single variable 
linear regression, operated in normal scale. In mathematical form,  
crilsl PKPKI 21 −=  
crilsl PKPI 214.0 −=⇒  
Rearranging the terms, we have 
 
)()14.0( 2 crills PKIP =−         (5.4) 
 
 
Eqs. (5.4) then become the standard simple linear regression form for single variable, 
in which Pcri being the predicting variable, and (0.14Pls-Il) being the response variable. 
Since the ranges of both predicting variable (Pcri) and response variable (0.14Pls-Il) are 
from 0 to 0.1, i.e., all of the same order of magnitude with no exceptionally large data 
point, therefore linear regression can be done in normal scale rather than log-log scale. 
Sources of data are as follows: 
 J.W. Kamphuis and O.F.S.J. Sayao (1982), Model Tests on Littoral Sand 
Transport, Proceedings of the 18th Coastal Engineering Conference, vol 2, 
pp1305-1325. 
 Y.H. Liew (2003), Longshore Sediment Transport, NUS M.Eng dissertation 
(unpublished). 
* To achieve higher sensitivity, laboratory data that were collected under 
“large” breaking wave height (say Hbs ≥ 13.5 cm) condition are not included in 
this calculation. This is because large wave heights tend to make critical energy 
insignificant and thereby reduce the sensitivity of K2 calculation. 
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Figure 5.2: Plot of (0.14Pls-Il) vs 1.81Pcri 
 As shown in Figure 5.2, K2=1.81 gives a reasonably acceptable results. Despite 
the unavoidable discrepancies, the predictor (Pcri) is seen to be directly proportional to 
the response variable (0.14Pls-Il). The detailed regression results are as follows: 
The regression equation is 
(0.14Pls-Il) = 1.81 (Pcri) 
 
Predictor        Coef     SE Coef          T        P 
Noconstant 
(Pcri)            1.8137      0.2316       7.83    0.000 
 
S = 0.08626 
 
Analysis of Variance 
 
Source            DF          SS          MS         F        P 
Regression         1     0.45645     0.45645     61.34    0.000 
Residual Error    56     0.41672     0.00744 
Total             57     0.87317 
 
Analysis of variance above shows that, the regression gives P=0.000 for the 
hypothesis of K2=0. In other words, at 99.9% level of confidence, we are sure that K2 
is NOT equal to zero. This conclusion is obvious, as seen in Figure 5.2 that the 
predictor (Pcri) clearly increases as the response variable (0.14Pls-Il) increases. 
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 On the other hand, the analysis of variance also indicates that the model is not 
perfect. The R2 parameter (i.e. coefficient of determination), which is commonly used 
to represent the adequacy of model, is computed to be 52.0
0.87317
0.456452 ==R  only. In 
simple term, this means this simple linear regression of (0.14Pls-Il)=1.81(Pcri) only 
accounts for 52% of the variability in data. However, considering the high degree of 
uncertainty involved in sediment transport mechanism, complexity of wave breaking 
phenomena and other uncontrollable experimental errors, this relationship is 
considered acceptable, as far as coastal engineering is concerned. 
5.3 Result: The Revised CERC Equation 
After K1 and K2 are determined, the revised CERC Equation is proposed hereto: 
 
crilsl PPI 81.114.0 −=          (5.5) 
 
 
The complete graph is presented in Figure 5.3. 
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5.4 Results: A Brief Review 
This result is supported by a total of 129 data points, collected separately by 
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while the latest (published data) was by Wang, Kraus and Davis in 1998. NUS data 
collected in 2002 was also included. 
 
crilsl PPI 81.114.0 −=   
 
 
 The physical meaning of the above equation is summarized as follows: 
 K1: Denotes the efficiency of energy transfer, accounts for energy dissipation 
during breaking process 
 Pcri: Denotes the critical energy for sediment incipient motion per unit beach 
width, in term of N/s 
 K2: Accounts for bed unevenness (1.0 for flat bed; >1.0 for uneven bed) 
In this study, the efficiency of energy transfer, K1, is found to be 0.14, which is 
lower than the original constant (0.39) determined by Komar and Inman in 1970. 
However, this result is considered correct, since the databases being used are different. 
In fact, this is not the first time where a lower value is proposed. Many studies have 
confirmed that the efficiency of energy transfer should be lower than 0.39 (Please refer 
to Figure 1.3 of Chapter 1). Many latest studies, such as Wang, Kraus and David 
(1998), Kamphuis and Sayao (1982), have also shown that CERC equation tends to 
over-predict the longshore sediment transport rate, probably due to the high efficiency 
parameter used. Therefore, the K1 value of 0.14 obtained in this study is consider 
correct, and this conclusion is supported by the various sources of latest data. 
 As for K2, it is found to be 1.81. K2 of 1.81 simply means due to bed 
unevenness, 81% more energy is required for any sediment to move from one place to 
another, as compared to flat bed situation. This number makes sense, because by 
laboratory observation beach contours are never straight lines (Figure 5.4), even in a 
well-controlled experiment. 
 
Longshore Sediment Transport                                                                                                    Chapter 5 
74 
 
Figure 5.4: Typical beach contours and path of sediment motion 
 As shown, when sediments start to move, it has to move across different 
contours, like going uphill and downhill. Due to this unevenness, we believe that this 
81% of additional energy makes sense, and therefore reasonable and acceptable. 
5.5 Error Analysis 









S llxy      (5.6) 
 
 
where k is the number of data used in calculation, “actual Il” is the measured longshore 
sediment transport rate, and the “calculated Il” is the value given by 
crilsl PPI 81.114.0 −= . Sy/x represent the degree of scattering of data, just like “standard 
deviation” for single sample inference. Similar to standard deviation, the numerical 
value of Sy/x is not so meaningful by itself, but it is very useful when we compare 
between different Sy/x values given by different equations. 
 Calculation indicates that, Eqs. (5.5) gives Sy/x=0.476. Based on the same 
database, the original CERC Equation ( lsl PI 39.0= ) gives a Sy/x value of 0.737, clearly 
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 It is also interesting to note that, without the inclusion of the critical energy, i.e. 
lsl PI 14.0= , the Sy/x value would be 0.481. Despite the small numerical change, 
inclusion of the critical energy concept has nevertheless contributed to the reliability 
gain of the model. Most importantly, this term greatly increases the accuracy of 
transport rate estimation at low energy condition. 
5.6 Discussion: Advantages of the Revised CERC Equation 
The most obvious advantage of the revised CERC Equation is of course, the 
inclusion of critical energy. The presence of critical energy term implies that the effect 
of sediment size, d50, has been incorporated.  
 
crilsl PPI 81.114.0 −=          (5.5) 
 
 
The second term, Pcri, is dependent on sediment size. Therefore, as sediment 
size increases, longshore sediment transport rate should increase rather than decrease, 
according to Eqs. (5.5). This equation clearly explains the result of Figure 1.2a after 
Dean (1978), which indicates an inverse correlation between d50 and Il. 
However, this relationship is only true at low energy condition. Since the 
second term is at the order of only 0.1 N/s, when energy level is high then the first 
term would dominate, and therefore the transport rate is seen to be independent of 
sediment size. This conclusion is logically sound, and supported by several graphs 
such as Figure 1.1, 1.4 and 1.6, which indicates that the transport rate is merely 
dependent of wave characteristics at high energy condition.  
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5.7 Remarks 
 Statistically speaking, Pls and Pcri are not perfectly independently distributed. 
Therefore, one cannot use a statistical correlation check to falsify the negative 
relationship between Il and Pcri. For example, if one performs a statistical check 
between Il and Pcri, they may realize that Il and Pcri are in fact positively correlated 
(coefficient of correlation ≈ +0.32), and they might then start to question the validity 
of the negative relationship between transport rate and critical energy 
( crilsl PPI 81.114.0 −= ). 
 It is important to note that, this approach is actually incorrect. Il and Pls are 
independent variables, which represent the transport rate and wave energy flux 
respectively. However, Pcri is NOT. To note that Pcri=DE,critical×B, therefore Eqs. (5.5) 
can be rewritten as: 
 
crilsl PPI 81.114.0 −=   
 
BDP criticalEls ,81.114.0 −=         (5.7) 
 
 
where DE,critical denotes the critical energy per unit bed area, as defined earlier in 
Section 3.3, and B is the width of breaking zone.  
 Pcri is related to B, but B is related to energy level. When energy level is high 
and wave is large, the breaking zone’s width tends to be larger too. Therefore, due to 
the presence of B, Pcri is not independent of Pls. Since Il is directly proportional to Pls, 
as Pls increases, not only does Il increase but Pcri slightly increases too. As a result, 
statistical check may show a positive coefficient of correlation between Pcri and Il, but 
this does not mean Eqs. (5.5) is false. The positive correlation is simply due to the 
dependency between Pcri and Pls. 
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 The equation crilsl PPI 81.114.0 −=  is derived from fundamental concept of 
sediment incipient motion and boundary layer theory. The energy level has to be at 
least higher than the critical level for any sediment start to move. This has been a 
widely accepted concept since 1930, after the work of the pioneer of sediment 





In this study, the CERC Equation was investigated. The project is concluded as 
follows:- 
1. The CERC Equation, originally formulated as lsl PI 39.0= , has been revised as 
crilsl PPI 81.114.0 −= . 
2. The coefficient of energy efficiency, 0.39, has been found to be much lower 
(0.14), according to more recent database. 
3. The effect of sediment size has been incorporated in to the CERC Equation, by 
making use of the critical energy term, BufP cbmwcri
3
,)cos(4
1 ϕρ= , and it is 
found to be significant at low energy condition. 
4. An 81% of additional energy is required for natural bed condition, as compared 
to flat bed condition, to overcome bed unevenness. 
5. Error analysis of Section 5.5 confirms that, the revised CERC equation greatly 
reduces the standard error of estimate to 0.476, as compared to 0.737 as given 
by the original CERC Equation ( lsl PI 39.0= ). 
6.2 Recommendations for Future Studies 
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1. Refinement of K2 is possible. In this study, K2 parameter is empirically 
determined to be 1.81. However, as mentioned earlier this parameter is 
sensitive to bed condition, and prone to errors, either instrumental or human 
errors. Furthermore, sand sizes used in most laboratory sediment transport 
experiments are generally small, therefore K2 of 1.81 is just a rough estimate. 
If possible, gravel may be used in place of sand, to form a gravel beach. Since 
gravel has a much larger size than sand, greater critical energy is required for 
incipient motion. Therefore, by performing a laboratory test on gravel beach 
we may be able obtain a more reliable estimate of K2, as the result would be 
less sensitive to experimental errors. 
2. Additional terms may be further incorporated into the CERC Equation. In 
general, there are three factors that could affect sediment movement, namely 
waves, currents and bed shear stress. The existing CERC Equation already 
takes care of wave factor in term of “wave energy”. The revised CERC 
Equation proposed in this study further includes the bed shear stress factor in 
term of “critical energy”. Therefore, one possible improvement ahead maybe to 
incorporate one more “current factor”, to take care of the drag force due to 
current. When this is done, the final CERC Equation will be truly theoretically 
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A B C D E F G H I J K L M 
Reference Ping Wang, Nicholas C. Kraus and Richard A. Davis, Jr.
Location: Southeast coast of US and Gilf Coast of Florida
Source: Journal of Coastal Research, 14(1), 269-282, 1998
Notes: Field data (calculated(given)
(cvt from rms) (measured1st term 1st term
Hrms s ρ(kg/m3) ρs(kg/m3) Hbs(m) T(s) αbs m D50(mm) db(m) B(m) Pls (N/s) Pls (N/s)
0.79 2.65 1025 2650 1.12 7.5 13.5 0.028 0.35 1.432 35.00 1334.44 1085.27
0.61 2.65 1025 2650 0.86 6.0 12.0 0.094 2.25 0.673 7.00 488.56 507.75
0.51 2.65 1025 2650 0.72 8.5 4.0 0.030 0.26 0.562 24.00 106.85 113.18
0.2 2.65 1025 2650 0.28 3.5 3.0 0.044 0.17 0.221 9.00 7.73 7.75
0.35 2.65 1025 2650 0.49 3.3 10.0 0.033 0.26 0.386 14.00 102.45 105.43
0.49 2.65 1025 2650 0.69 10.5 5.5 0.013 0.19 0.540 36.00 132.55 135.66
0.44 2.65 1025 2650 0.62 7.2 7.2 0.031 0.28 0.485 14.00 132.00 137.98
0.46 2.65 1025 2650 0.65 3.5 9.0 0.115 0.9 0.507 6.00 183.30 193.02
0.5 2.65 1025 2650 0.71 3.5 2.5 0.158 1.5 0.551 4.00 63.68 66.67
0.36 2.65 1025 2650 0.51 3.5 11.5 0.161 0.41 0.397 3.00 125.58 131.78
0.38 2.65 1025 2650 0.54 3.7 14.0 0.105 0.68 0.419 38.00 172.72 181.40
0.34 2.65 1025 2650 0.48 3.4 19.0 0.101 0.54 0.375 35.00 171.52 180.62
0.21 2.65 1025 2650 0.30 3.0 2.6 0.101 0.37 0.232 21.00 7.57 8.53
0.29 2.65 1025 2650 0.41 3.0 35.3 0.123 0.29 0.320 3.00 176.56 186.05
0.22 2.65 1025 2650 0.31 2.9 31.5 0.214 0.41 0.243 4.00 83.60 87.60
0.28 2.65 1025 2650 0.40 3.0 23.0 0.129 0.43 0.309 2.00 123.34 129.46
0.53 2.65 1025 2650 0.75 4.2 9.3 0.062 0.24 0.585 10.00 269.59 284.50













A B C D E F G H I J K L M 
0.36 2.65 1025 2650 0.51 4.5 8.4 0.125 0.85 0.397 4.00 92.89 97.67
0.28 2.65 1025 2650 0.40 3.9 10.7 0.035 0.2 0.309 11.00 62.56 65.89
0.32 2.65 1025 2650 0.45 4.5 19.2 0.026 0.9 0.353 19.00 148.71 132.56
0.24 2.65 1025 2650 0.34 4.9 15.8 0.016 0.43 0.265 17.00 61.11 64.34
0.69 2.65 1025 2650 0.98 7.3 13.1 0.014 0.37 0.761 54.00 721.67 744.96
0.36 2.65 1025 2650 0.51 4.5 20.0 0.039 0.32 0.397 12.00 206.59 217.05
0.31 2.65 1025 2650 0.44 3.3 1.8 0.082 0.4 0.342 4.00 13.89 13.95
0.36 2.65 1025 2650 0.51 2.9 7.7 0.072 0.28 0.397 4.00 85.35 89.92
0.34 2.65 1025 2650 0.48 4.2 7.5 0.066 0.42 0.375 7.00 72.11 75.97
0.19 2.65 1025 2650 0.27 2.8 10.0 0.141 1.38 0.210 2.00 22.24 23.26
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A B C D E F G H I J K M P Q R 
ReferencePaul D. Komar and Douglas L. Inman; +K.W.Kamphuis and O.F.S.J.Sayao (1982)+Kamphuis et al (1986)
Location: El Moreno Beach, Silver Strand Beach
Source: Journal of Geopysical Research, vol. 75, No.30, 1970; + Proc of the 18t coast eng. Conf, vol 2, pp1305-1325; 
+ Coastal Engineering, 10 (1986) pp1-21
Notes: Field data (given)
(cvt from rms) (calculated1st term (measured(measured)
Date s ρ(kg/m3) ρs(kg/m3) Hbs(m) T(s) αbs m D50(mm) db(m) B(m) Pls (N/s) Ql(m3/yr) Il (N/s)
4/5/1966 2.65 1025 2650 0.45 2.7 10.0 0.143 0.6 0.573 4.01 86 148699.5 45.1
5/5/1966 2.65 1025 2650 0.56 3.3 14.0 0.143 0.6 0.722 5.05 208 278275.8 84.4
2.65 1025 2650 0.39 5.2 9.6 0.138 0.6 0.500 3.62 69.62 48137.76 14.6
2.65 1025 2650 0.40 6.6 2.5 0.138 0.6 0.513 3.72 19.66 20112.35 6.1
2.65 1025 2650 0.41 5.3 7.4 0.138 0.6 0.526 3.81 61.28 29344.25 8.9
22/5/1967 2.65 1025 2650 0.45 4.7 9.8 0.143 0.6 0.575 4.02 76 141116.2 42.8
11/5/1968 2.65 1025 2650 0.40 3.8 4.1 0.143 0.6 0.517 3.62 36 68579.82 20.8
2.65 1025 2650 1.27 12.0 0.3 0.013 0.18 1.628 125.25 42.42 42202.96 12.8
2.65 1025 2650 1.46 11.3 4.4 0.013 0.18 1.872 143.98 878.20 995726.2 302
4/9/1968 2.65 1025 2650 0.75 11.1 5.8 0.018 0.18 0.957 52.64 182 155293.7 47.1





























A B C D E F G H I J K L P Q 
Reference J.W.Kamphuis, M.H.Davies, R.B.Nairn and O.J.Sayao
Location: See column A; *Recompilation of previous data
Source: Coastal Engineering, 10 (1986), pp1-21
Notes: Field data (calculated)
(calculated1st term (measured(measured)
Origin s ρ(kg/m3) ρs(kg/m3) Hbs(m) T(s) αbs m D50(mm) db(m) B(m) Pls (N/s) Ql(m3/yr) Il (N/s)
Gable (1981) 2.65 1025 2650 0.700 10.8 4.2 0.046 0.220 0.897 19.51 133.48 276882.1 85.2692604
2.65 1025 2650 0.85 11.1 3.2 0.046 0.220 1.090 23.69 165.49 516476.4 159.055268
2.65 1025 2650 0.78 12.4 5.6 0.046 0.220 1.000 21.74 232.61 348681.1 107.38063
2.65 1025 2650 1.77 11.9 8 0.019 0.220 2.269 119.43 2560.54 3901935 1201.64911
2.65 1025 2650 0.76 8 3.8 0.046 0.220 0.974 21.18 148.43 78542.49 24.1881283
2.65 1025 2650 0.65 7.2 6.2 0.046 0.220 0.833 18.12 163.02 109681.8 33.777866
2.65 1025 2650 0.69 11.4 5.7 0.046 0.220 0.885 19.23 174.22 275295.4 84.7806113
2.65 1025 2650 0.75 11.2 5.9 0.046 0.220 0.962 20.90 222.02 274700.4 84.5973679
Inman et (1980) 2.65 1025 2650 1.12 13.4 3.4 0.018 0.290 1.436 79.77 350.33 487122.1 150.01526
2.65 1025 2650 1.29 13.4 3.4 0.023 0.290 1.654 71.91 498.77 1165840 359.034894
Kana (1980) 2.65 1025 2650 1.99 7 16.5 0.012 0.420 2.551 212.61 6781.14 8342958 2569.31674
2.65 1025 2650 0.88 12 5 0.014 0.420 1.128 80.59 281.15 143994.6 44.3449019
Kraus et al (1982 2.65 1025 2650 0.98 9 6 0.015 0.230 1.256 83.76 440.56 328053.7 101.028192
2.65 1025 2650 1.1 6.5 2 0.025 0.270 1.410 56.41 197.30 271130.3 83.4979075
Watts (1953) 2.65 1025 2650 0.55 6.9 16.8 0.03 0.420 0.705 23.50 276.69 97384.75 29.9908358
2.65 1025 2650 0.46 4.9 11.5 0.03 0.420 0.590 19.66 124.98 76955.77 23.6994792
2.65 1025 2650 0.28 7.5 15.5 0.03 0.420 0.359 11.97 47.62 27370.87 8.42919623
Bruno et al (1981 2.65 1025 2650 0.84 12.6 3.1 0.04 0.220 1.077 26.92 155.66 469469.9 144.57904
2.65 1025 2650 1.09 11.8 3.1 0.042 0.220 1.397 33.27 298.57 555946 171.210413
2.65 1025 2650 1.27 11.3 3 0.035 0.220 1.628 46.52 423.45 1426260 439.234421








A B C D E F G H I J K L P Q 
2.65 1025 2650 1.14 12 3.1 0.029 0.220 1.462 50.40 334.00 798118.6 245.790475
2.65 1025 2650 1.67 11.1 2.8 0.034 0.220 2.141 62.97 783.84 1059134 326.173245
Kana (1977) 2.65 1025 2650 0.85 9.5 9 0.018 0.250 1.090 60.54 458.77 227297.2 69.9989774
2.65 1025 2650 0.92 8.9 4 0.026 0.250 1.179 45.36 251.82 79137.51 24.3713717
2.65 1025 2650 0.79 8.3 5 0.013 0.180 1.013 77.91 214.68 213810.1 65.8454604


























B C D E F G H I J K L P Q 
ReferenJ.W.Kamphuis and O.F.S.J.Sayao
LocatioLab
Source:Proceedings of the 18th Coastal Engineering Conference, vol 2, pp1305-1325
Notes: Experiment data (calculated)
(cvt frm Lo) (measured1st term (measured(measured)
s ρ(kg/m3) ρs(kg/m3) Hbs(m) T(s) αbs m D50(mm) db(m) B(m) Pls (N/s) Ql(m3/yr) Il (N/s)
2.65 1025 2650 0.060 1.2 4.0 0.099 0.180 0.074 0.75 0.27 95.86415 0.030260611
2.65 1025 2650 0.064 1.2 4.0 0.073 0.180 0.088 1.2 0.33 105.7811 0.033391019
2.65 1025 2650 0.058 1.2 4.0 0.076 0.180 0.088 1.163 0.27 89.25283 0.028173672
2.65 1025 2650 0.151 1.5 2.5 0.074 0.180 0.155 2.088 1.54 793.3585 0.250432642
2.65 1025 2650 0.150 1.5 2.5 0.070 0.180 0.143 2.038 1.46 727.2453 0.229563255
2.65 1025 2650 0.158 1.5 2.5 0.067 0.180 0.201 3.013 1.92 826.4151 0.260867335
2.65 1025 2650 0.147 1.5 2.5 0.066 0.180 0.202 3.038 1.67 826.4151 0.260867335
2.65 1025 2650 0.152 1.5 2.5 0.061 0.180 0.192 3.15 1.74 661.1321 0.208693868
2.65 1025 2650 0.162 1.5 2.5 0.059 0.180 0.184 3.138 1.93 661.1321 0.208693868
2.65 1025 2650 0.051 1.2 3.5 0.103 0.180 0.075 0.725 0.17 79.33585 0.025043264
2.65 1025 2650 0.144 1.5 2.5 0.057 0.180 0.17 2.963 1.47 826.4151 0.260867335
2.65 1025 2650 0.057 2.0 1.0 0.203 0.180 0.081 0.4 0.06 52.89057 0.016695509
2.65 1025 2650 0.064 1.2 2.5 0.106 0.180 0.078 0.738 0.20 79.33585 0.025043264
2.65 1025 2650 0.050 2.0 1.0 0.158 0.180 0.081 0.513 0.05 42.97358 0.013565101
2.65 1025 2650 0.049 1.2 2.5 0.111 0.180 0.089 0.8 0.12 82.64151 0.026086733
2.65 1025 2650 0.101 1.5 3.5 0.065 0.180 0.131 2.013 0.89 119.0038 0.037564896
2.65 1025 2650 0.103 1.5 3.5 0.066 0.180 0.13 1.963 0.92 115.6981 0.036521427


























B C D E F G H I J K L P Q 
2.65 1025 2650 0.110 1.0 3.5 0.045 0.180 0.152 3.35 1.13 257.8415 0.081390608
2.65 1025 2650 0.108 1.4 6.5 0.070 0.180 0.087 1.25 1.52 661.1321 0.208693868
2.65 1025 2650 0.103 1.4 6.0 0.076 0.180 0.123 1.625 1.52 727.2453 0.229563255
2.65 1025 2650 0.106 1.4 7.0 0.072 0.180 0.128 1.788 1.91 628.0755 0.198259175
2.65 1025 2650 0.071 1.2 5.5 0.072 0.180 0.096 1.338 0.59 195.034 0.061564691
2.65 1025 2650 0.063 1.4 6.5 0.065 0.180 0.063 0.975 0.44 72.72453 0.022956325
2.65 1025 2650 0.071 1.2 6.0 0.055 0.180 0.098 1.775 0.65 188.4226 0.059477752
2.65 1025 2650 0.064 1.4 7.0 0.054 0.180 0.077 1.425 0.54 36.36226 0.011478163
2.65 1025 2650 0.060 1.0 6.5 0.051 0.180 0.083 1.613 0.46 132.2264 0.041738774
2.65 1025 2650 0.074 1.0 6.5 0.043 0.180 0.104 2.4 0.78 115.6981 0.036521427
2.65 1025 2650 0.071 1.0 6.5 0.042 0.180 0.095 2.263 0.69 125.6151 0.039651835
2.65 1025 2650 0.113 1.5 7.5 0.057 0.180 0.16 2.825 2.60 330.566 0.104346934
2.65 1025 2650 0.109 1.5 7.5 0.060 0.180 0.166 2.775 2.47 518.9887 0.163824686
2.65 1025 2650 0.111 1.5 7.5 0.056 0.180 0.129 2.288 2.25 413.2075 0.130433667
2.65 1025 2650 0.084 1.2 6.5 0.074 0.180 0.103 1.388 1.00 99.16981 0.03130408
2.65 1025 2650 0.095 1.4 6.5 0.066 0.180 0.118 1.8 1.37 211.5623 0.066782038
2.65 1025 2650 0.083 1.2 5.5 0.094 0.180 0.079 0.838 0.73 109.0868 0.034434488
2.65 1025 2650 0.098 1.4 8.0 0.049 0.180 0.123 2.513 1.83 238.0075 0.075129792
2.65 1025 2650 0.098 1.4 8.0 0.052 0.180 0.126 2.425 1.85 234.7019 0.074086323
2.65 1025 2650 0.108 1.4 7.5 0.052 0.180 0.139 2.65 2.22 188.4226 0.059477752
2.65 1025 2650 0.107 1.4 7.5 0.055 0.180 0.143 2.6 2.21 208.2566 0.065738568
2.65 1025 2650 0.110 1.4 6.5 0.054 0.180 0.162 3 2.16 228.0906 0.071999384
2.65 1025 2650 0.112 1.4 8.0 0.052 0.180 0.155 2.963 2.68 218.1736 0.068868976
2.65 1025 2650 0.078 1.0 6.5 0.058 0.180 0.113 1.95 0.91 95.86415 0.030260611









B C D E F G H I J K L P Q 
2.65 1025 2650 0.074 1.4 8.0 0.091 0.180 0.089 0.975 0.89 195.034 0.061564691
2.65 1025 2650 0.073 1.4 7.5 0.065 0.180 0.102 1.575 0.87 191.7283 0.060521222
2.65 1025 2650 0.127 1.5 6.5 0.051 0.180 0.151 2.95 2.78 254.5358 0.080347139
2.65 1025 2650 0.093 1.2 5.5 0.049 0.180 0.132 2.675 1.18 267.7585 0.084521017
2.65 1025 2650 0.124 1.5 7.5 0.050 0.180 0.145 2.875 2.98 198.3396 0.06260816
2.65 1025 2650 0.078 1.2 5.5 0.081 0.180 0.098 1.213 0.72 337.1774 0.106433873


























AI AJ AK AL AM AN AO AP AQ AR AS AT 
Ubm Abm Abm/d fw(ave) τc Ubm© u* tanϕ ϕ DxB
0.852021 0.158712 881.7327 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.016999
0.929129 0.173075 961.5291 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.027199
0.929129 0.173075 961.5291 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.02636
1.233106 0.294507 1636.152 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.047671
1.184411 0.282878 1571.542 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.04653
1.404212 0.335373 1863.185 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.06879
1.4077 0.336206 1867.814 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.069361
1.372414 0.327779 1820.994 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.071918
1.343518 0.320878 1782.653 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.071644
0.857759 0.159781 887.6703 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.016433
1.291395 0.308429 1713.493 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.067649
0.891409 0.288121 1600.67 0.01 0.229554 0.211639 0.014965 0.339559 0.327343 0.009201
0.874746 0.162945 905.2497 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.016727
0.891409 0.288121 1600.67 0.01 0.229554 0.211639 0.014965 0.339559 0.327343 0.0118
0.934393 0.174056 966.9769 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.018132
1.133627 0.270748 1504.158 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.045959
1.129292 0.269713 1498.406 0.01 0.229554 0.211639 0.014965 0.363322 0.348493 0.044817


























AI AJ AK AL AM AN AO AP AQ AR AS AT 
1.221114 0.200237 1112.425 0.01 0.229554 0.211639 0.014965 0.397932 0.378722 0.075609
0.923834 0.19856 1103.112 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.028455
1.098467 0.236094 1311.634 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.036991
1.120571 0.240845 1338.027 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.040702
0.970443 0.180771 1004.284 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.030327
0.786149 0.168967 938.7074 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.022195
0.9805 0.182645 1014.692 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.040231
0.86912 0.1868 1037.78 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.032439
0.902347 0.147966 822.0307 0.01 0.229554 0.211639 0.014965 0.397932 0.378722 0.036405
1.010069 0.16563 920.1649 0.01 0.229554 0.211639 0.014965 0.397932 0.378722 0.054168
0.965376 0.158301 879.4493 0.01 0.229554 0.211639 0.014965 0.397932 0.378722 0.051076
1.252837 0.301215 1673.416 0.01 0.229554 0.211639 0.014965 0.362764 0.348 0.064509
1.276111 0.306811 1704.503 0.01 0.229554 0.211639 0.014965 0.362764 0.348 0.063368
1.12494 0.270465 1502.584 0.01 0.229554 0.211639 0.014965 0.362764 0.348 0.052247
1.005201 0.187246 1040.255 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.03146
1.075909 0.231246 1284.698 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.040975
0.880335 0.163986 911.0341 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.018994
1.098467 0.236094 1311.634 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.057206
1.111782 0.238956 1327.533 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.055203
1.167729 0.25098 1394.336 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.060325
1.184411 0.254566 1414.256 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.059186
1.260643 0.270951 1505.281 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.068292
1.233106 0.265032 1472.4 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.06745
1.052868 0.172648 959.1537 0.01 0.229554 0.211639 0.014965 0.397932 0.378722 0.044011









AI AJ AK AL AM AN AO AP AQ AR AS AT 
0.934393 0.200829 1115.719 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.022195
1.00031 0.214997 1194.428 0.01 0.229554 0.211639 0.014965 0.372405 0.356494 0.035853
1.217091 0.292621 1625.67 0.01 0.229554 0.211639 0.014965 0.362764 0.348 0.067364
1.137946 0.211973 1177.628 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.06063
1.192665 0.286748 1593.044 0.01 0.229554 0.211639 0.014965 0.362764 0.348 0.065651
0.9805 0.182645 1014.692 0.01 0.229554 0.211639 0.014965 0.385481 0.367928 0.027493





















A B C D E F G I J K L Q 
Reference NUS Experiment data
Location: Lab
Source: unpublished
Notes: Experiment data (calculated)
(cvt frm Lo) (measured1st term (measured)
s ρ(kg/m3) ρs(kg/m3) Hbs(m) T(s) αbs D50(mm) db(m) B(m) Pls (N/s) Il (N/s)
1 2.65 1025 2650 0.011314 2 5 0.200 0.011 1 0.00 0
2 2.65 1025 2650 0.019799 1.5 6.9 0.200 0.018 1.2 0.02 0
3 2.65 1025 2650 0.038184 2 9 0.200 0.034 1 0.16 0
4 2.65 1025 2650 0.069296 2 12.2 0.200 0.063 1.75 0.98 0.068
5 2.65 1025 2650 0.093338 1.5 14.9 0.200 0.085 2.7 2.48 0.14
6 2.65 1025 2650 0.115966 2 15.7 0.200 0.105 2.1 4.47 0.68
7 2.65 1025 2650 0.131522 4 16 0.200 0.119 2.42 6.22 0.77
8 2.65 1025 2650 0.135765 2 17 0.200 0.123 2.8 7.12 0.52
9 2.65 1025 2650 0.140 1.5 18.1 0.200 0.127 2.50 8.12 1.8
10 2.65 1025 2650 0.138593 1 20.4 0.200 0.125 2.63 8.73 1.35
11 2.65 1025 2650 0.169706 1.5 19.8 0.200 0.154 2.4 14.18 2.81





















R AI AJ AK AL AM AN AO AP AQ AR AS 
Ubm Abm Abm/d fw(ave) τc Ubm© u* tanϕ ϕ DxB
0.328497 0.104563 522.8173 0.009 0.25506 0.235154 0.015775 0.344624 0.331877 0.028353
0.420214 0.100319 501.5926 0.009 0.25506 0.235154 0.015775 0.36784 0.352479 0.033775
0.577529 0.183833 919.1642 0.009 0.25506 0.235154 0.015775 0.344624 0.331877 0.028353
0.786149 0.250238 1251.192 0.009 0.25506 0.235154 0.015775 0.344624 0.331877 0.049617
0.913154 0.217999 1089.995 0.009 0.25506 0.235154 0.015775 0.36784 0.352479 0.075993
1.014914 0.323056 1615.282 0.009 0.25506 0.235154 0.015775 0.344624 0.331877 0.059541
1.080458 0.687839 3439.197 0.009 0.25506 0.235154 0.015775 0.299134 0.290662 0.06953
1.098467 0.349652 1748.261 0.009 0.25506 0.235154 0.015775 0.344624 0.331877 0.079388
1.116185 0.266469 1332.345 0.009 0.25506 0.235154 0.015775 0.36784 0.352479 0.070364
1.107362 0.176242 881.2084 0.009 0.25506 0.235154 0.015775 0.40643 0.386038 0.073067
1.229122 0.29343 1467.152 0.009 0.25506 0.235154 0.015775 0.36784 0.352479 0.067549



















































A B C E F G H I 
0.14 Pls(N/s) Il (N/s) 0.14Pls(N/s) 0.14Pls-I DxB 1.81 Pcri 0.14Pls-1.81(DB)
wang 1085.271 34.72275 151.937984 151.9379845
507.7519 13.25778 71.0852713 71.08527132
113.1783 1.893968 15.8449612 15.84496124
1 7.751938 0.631323 1.08527132 1.085271318
10000 105.4264 16.41439 14.7596899 14.75968992
1 135.6589 2.525291 18.9922481 18.99224806
10000 137.9845 3.787937 19.3178295 19.31782946
193.0233 5.997566 27.0232558 27.02325581
66.66667 1.893968 9.33333333 9.333333333
131.7829 3.156614 18.4496124 18.4496124
181.3953 12.31079 25.3953488 25.39534884
180.6202 11.67947 25.2868217 25.28682171
8.527132 0.315661 1.19379845 1.19379845
186.0465 14.20476 26.0465116 26.04651163
87.5969 0.946984 12.2635659 12.26356589
129.4574 1.893968 18.124031 18.12403101
284.4961 17.67704 39.8294574 39.82945736
298.4496 18.93968 41.7829457 41.78294574
97.67442 4.734921 13.6744186 13.6744186
65.89147 1.893968 9.2248062 9.224806202
132.5581 2.525291 18.5581395 18.55813953
64.34109 1.578307 9.00775194 9.007751938
744.9612 45.7709 104.294574 104.2945736
217.0543 10.73249 30.3875969 30.3875969
13.95349 0.315661 1.95348837 1.953488372
89.92248 5.997566 12.5891473 12.58914729
75.96899 7.260212 10.6356589 10.63565891
23.25581 0.946984 3.25581395 3.255813953
9.302326 0.631323 1.30232558 1.302325581
komar 86 45.1 12.04 12.04
208 84.4 29.12 29.12
69.62 14.6 9.74698849 9.746988487
19.66 6.1 2.75191571 2.751915712
61.28 8.9 8.57921315 8.579213146
76 42.8 10.64 10.64
36 20.8 5.04 5.04
42.42 12.8 5.93907933 5.939079331
878.20 302 122.948292 122.948292
182 47.1 25.48 25.48
82 37.9 11.48 11.48
classical 133.4769 85.26926 18.6867597 18.68675968
165.4864 159.0553 23.1680934 23.16809336
232.6075 107.3806 32.5650446 32.56504456
2560.544 1201.649 358.476226 358.4762255
148.4266 24.18813 20.7797244 20.77972441
163.0227 33.77787 22.8231728 22.82317276
174.2195 84.78061 24.3907303 24.39073032
222.0236 84.59737 31.0833068 31.08330682



















































A B C E F G H I 
498.7715 359.0349 69.8280112 69.82801117
6781.136 2569.317 949.359027 949.3590275
281.1499 44.3449 39.3609928 39.36099277
440.5601 101.0282 61.6784183 61.67841835
197.3001 83.49791 27.6220161 27.62201606
276.6943 29.99084 38.737204 38.73720403
124.978 23.69948 17.496923 17.49692295
47.62066 8.429196 6.66689257 6.666892571
155.6612 144.579 21.7925735 21.79257351
298.5716 171.2104 41.8000257 41.80002574
423.4528 439.2344 59.283387 59.28338701
451.5691 401.3641 63.2196785 63.21967848
333.9984 245.7905 46.7597771 46.75977715
783.8374 326.1732 109.737241 109.7372412
458.7655 69.99898 64.2271703 64.2271703
251.8175 24.37137 35.2544553 35.25445534
214.6837 65.84546 30.0557169 30.05571692
671.6321 139.7536 94.0284897 94.02848974
kamphuis 0.268276 0.030261 0.03755866 0.007298 0.016999 0.030769 0.006790141
0.332863 0.033391 0.04660076 0.01321 0.027199 0.04923 -0.002628869
0.273376 0.028174 0.0382727 0.010099 0.02636 0.047712 -0.009439021
1.540012 0.250433 0.21560171 -0.03483 0.047671 0.086285 0.129316626
1.459671 0.229563 0.20435393 -0.02521 0.04653 0.084219 0.12013506
1.920068 0.260867 0.26880952 0.007942 0.06879 0.12451 0.144299493
1.666153 0.260867 0.23326136 -0.02761 0.069361 0.125543 0.107718222
1.73677 0.208694 0.24314774 0.034454 0.071918 0.130171 0.112976285
1.931272 0.208694 0.27037803 0.061684 0.071644 0.129676 0.140702459
0.170873 0.025043 0.02392224 -0.00112 0.016433 0.029743 -0.00582066
1.466742 0.260867 0.20534394 -0.05552 0.067649 0.122444 0.082900124
0.063521 0.016696 0.00889299 -0.0078 0.009201 0.016653 -0.007760031
0.196251 0.025043 0.02747513 0.002432 0.016727 0.030276 -0.002801097
0.048878 0.013565 0.00684287 -0.00672 0.0118 0.021358 -0.014514633
0.122883 0.026087 0.01720361 -0.00888 0.018132 0.03282 -0.015616143
0.885689 0.037565 0.12399647 0.086432 0.045959 0.083186 0.040810706
0.917591 0.036521 0.1284627 0.091941 0.044817 0.08112 0.047343151
1.18633 0.121042 0.16608615 0.045044 0.072788 0.131746 0.034339746
1.131645 0.081391 0.15843024 0.07704 0.075609 0.136853 0.021577381
1.523364 0.208694 0.2132709 0.004577 0.028455 0.051504 0.161767362
1.5227 0.229563 0.21317798 -0.01639 0.036991 0.066955 0.146223385
1.914257 0.198259 0.267996 0.069737 0.040702 0.073671 0.194325345
0.586624 0.061565 0.08212731 0.020563 0.030327 0.054891 0.027236269
0.441111 0.022956 0.06175553 0.038799 0.022195 0.040173 0.021582769
0.645828 0.059478 0.09041596 0.030938 0.040231 0.072819 0.017597125
0.541239 0.011478 0.07577342 0.064295 0.032439 0.058714 0.017059393
0.459238 0.041739 0.06429334 0.022555 0.036405 0.065894 -0.001600287
0.781946 0.036521 0.10947238 0.072951 0.054168 0.098044 0.011428544
0.687979 0.039652 0.096317 0.056665 0.051076 0.092447 0.003869834
2.602085 0.104347 0.36429191 0.259945 0.064509 0.116762 0.247529963
2.466106 0.163825 0.34525477 0.18143 0.063368 0.114695 0.230559407
































A B C E F G H I 
1.002706 0.031304 0.14037884 0.109075 0.03146 0.056942 0.083436565
1.372728 0.066782 0.19218199 0.1254 0.040975 0.074165 0.118016893
0.727239 0.034434 0.10181342 0.067379 0.018994 0.034379 0.067434723
1.827474 0.07513 0.25584634 0.180717 0.057206 0.103543 0.152303627
1.849626 0.074086 0.25894762 0.184861 0.055203 0.099917 0.159030757
2.215438 0.059478 0.31016127 0.250684 0.060325 0.109187 0.200973772
2.205668 0.065739 0.30879355 0.243055 0.059186 0.107127 0.2016662
2.15645 0.071999 0.30190294 0.229904 0.068292 0.123608 0.178294451
2.679467 0.068869 0.37512533 0.306256 0.06745 0.122084 0.253041346
0.905576 0.030261 0.12678062 0.09652 0.044011 0.079661 0.047120006
0.83327 0.035478 0.11665774 0.08118 0.046833 0.084767 0.031890671
0.886349 0.061565 0.1240889 0.062524 0.022195 0.040173 0.083916143
0.867063 0.060521 0.12138876 0.060868 0.035853 0.064894 0.0564943
2.775188 0.080347 0.38852626 0.308179 0.067364 0.121928 0.266597851
1.180212 0.084521 0.16522971 0.080709 0.06063 0.109741 0.055488656
2.982854 0.062608 0.41759955 0.354991 0.065651 0.118829 0.298771019
0.715335 0.106434 0.1001469 -0.00629 0.027493 0.049763 0.05038395
1.017607 0.10226 0.14246501 0.040205 0.044493 0.080531 0.06193354
Liew 0.004589 0 0.00064241 0.000642 0.028353 0.051319 -0.050676141
0.024693 0 0.00345707 0.003457 0.033775 0.061132 -0.057674935
0.163526 0 0.02289369 0.022894 0.028353 0.051319 -0.028424864
0.980078 0.068 0.13721092 0.069211 0.049617 0.089807 0.04740345
2.484673 0.14 0.34785425 0.207854 0.075993 0.137547 0.210307243
4.468959 0.68 0.62565431 -0.05435 0.059541 0.107769 0.517885354
6.224255 0.77 0.87139571 0.101396 0.06953 0.125849 0.745546802
7.115329 0.52 0.99614599 0.476146 0.079388 0.143692 0.852454045
8.120974 1.8 1.13693638 -0.66306 0.070364 0.127358 1.009578034
8.734503 1.35 1.22283045 -0.12717 0.073067 0.132252 1.090578497
14.18043 2.81 1.98526063 -0.82474 0.067549 0.122264 1.862996624
22.77415 5.6 3.18838085 -2.41162 0.068047 0.123165 3.065216326
